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Abstract. We study holonomic ^-modules on SL n (C) x C n , called mirabolic modules, analo- 
gous to Lusztig's character sheaves. We prove that a mirabolic module is killed by the functor 
of Hamiltonian reduction from the category of mirabolic modules to the category of represen- 
tations of the trigonometric Cherednik algebra if and only if the characteristic variety of the 
module is contained in the unstable locus. We also show that Hamiltonian reduction com- 
mutes with shift functors. 

■ We describe the supports of simple mirabolic modules and apply this to study submodules 
and quotients of the mirabolic Harish-Chandra 3>-module. We show that, for generic parameters, 
the mirabolic Harish-Chandra 5?-module is the minimal extension of a local system on the 
regular locus. However, unlike the classical case of the Harish-Chandra S^-module on the 
group SL n (C) itself, the mirabolic Harish-Chandra ^-module does have submodules and 
quotients supported away from the regular locus when the parameters are not generic. 
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^ ■ 1. Introduction 

1.1. In this paper, we study mirabolic £F-modules, following earlier works [GG| . |FG1| . and 
IFG2L Mirabolic ^-modules form an interesting category of regular holonomic ^-modules 
on the variety SL n (C) x C n . This category has a "classical" counterpart, a certain category of 
admissible ^-modules on an arbitrary complex reductive group, which was studied in MGi3| . 
Similar to that "classical" case, there are two different definitions of mirabolic ^-modules. 
The first definition involves characteristic varieties, while the second definition involves an 
action of the enveloping algebra. The first definition is more geometric and it can be used 
to establish a connection with perverse sheaves via the Riemann-Hilbert correspondence. 
The resulting perverse sheaves are "mirabolic analogues" of Lusztig's character sheaves on a 
reductive group. Furthermore, a conjectural classification of simple mirabolic i^-modules, 
modeled on Lusztig's classification of character sheaves, was suggested in RFGT|I . 

The second definition of mirabolic ^-modules is more algebraic and it is better adapted, 
in a sense, for applications to Cherednik algebras, see below. In particular, there is an impor- 
tant mirabolic £^-module, the mirabolic Harish-Chandra ^-module. This £F-module has a very 
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natural algebraic definition, while its geometric definition is not completely understood so 
far, see however MFG2L Theorem 5.1.2. 

Our first result establishes an equivalence of the two definitions of mirabolic i^-modules. 
Although this result was, in a way, implicit in |FG2L its actual proof turns out to be more 
complicated than one could have expected. The idea of the proof is very similar to the one 
used in |Gi3| in the "classical" case. However, certain steps of the argument do not work in 
the mirabolic setting and require a different approach. 

1.2. In order to state our results in more detail, we introduce some notation. Throughout 
the paper, we work over C, the field of complex numbers. We write $>x for the sheaf of 
algebraic differential operators on a smooth algebraic variety X and let &>(X) = T(X, 3>x) 
denote the algebra of global sections. We write T* X for the cotangent bundle of X and 
SS(^#) c T*X for the characteristic variety of a coherent Six -module ^ . 

Convention 1.2.1. Throughout the paper, we let V = C n be an n-dimensional vector space, 
and write SL := SL(V) = SL n . Thus, s[ = st(V) = sl n is the Lie algebra of the group SL. 
We will explicitly write SL m , resp. $l m , in all cases where m / n. 

Let M C s [ be the nilpotent cone. Let 3 be the algebra of bi-invariant differential operators 
on the group SL. This algebra is nothing but the centre of U(sl), the enveloping algebra of 
the Lie algebra sL 

We set X = SL x V, and put V := 9>{X) = S(SL) ® &{V). We view a bi-invariant 
differential operator z on SL as an element z® 1 G f^(SL) <S> S(V). We identify the cotangent 
bundle T*X with SL x s[ x V x V* , where we have used the trace pairing to identify the 
vector space si with its dual. 

We also consider the group G = GL{V) with Lie algebra g = gl{V). The group G acts 
naturally on V and acts on SL by conjugation (this action clearly factors through an action 
of PGL(V)). We let G act diagonally on X. The G-action on X induces a morphism of Lie 
algebras [i : q — > V. The G-action on X also induces a Hamiltonian action of G on the 
cotangent bundle T*X with moment map fix '■ (9, Y, i,j) \— > gY ' g~ x — Y + i ® j. Following 
1GGJ, we define the following subvariety of T*X: 

M nM (SL) = {(g,Y,i,j) G T*X = SL x M x V x V* \ gYg- 1 — Y + i®j = 0}. (1.2.2) 

We recall the following, c.f. iFGTl Definition 4.5.2]: 

Definition 1.2.3. A coherent ^-module is called a mirabolic S-module if one has SS(^#) C 
M n n(SL) and, moreover, J{ has regular singularities. 

It was shown in IGG] that M n ;i (SL) is a Lagrangian subvariety of T*X. Hence the inclusion 
SS(^#) C M n n(SL) ensures that M is holonomic, so that the condition that M has regular 
singularities makes sense. 

The following result, which was implicit in l|FG2l , will be proved in section 1231 below. 

Theorem 1.2.4. For a S^-module the following are equivalent: 

(i) ^# is a mirabolic S-module. 

(ii) Both the ^-action and the [i(g)-action on F(X, df) are locally finite. 

Let 1 G q = 0l(V) denote the identity map. Thanks to the above theorem, the action of 
the element 1 on any mirabolic f2?£- mo cl u l e ^ is locally finite. Thus, one has a vector space 
decomposition J{ = © ce c , into generalized eigenspaces of 1, where 

^( c ) :={m^J{\ - cf{m) = for some i = £(m) > 0}. 
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Let ^ be the category of all mirabolic ^-modules and, for each q £ C*, let ^ be the full 
subcategory of formed by the mirabolic ^-modules ^# such that one has 

exp(27r\/ — lc)=q 

The objects of the category *«f g may be viewed as having 'monodromy q along the C*-orbits 
of the dilation action on V, the second factor in X = SL x V. 

The category is abelian and there is a direct sum decomposition = ® g6 c* ^q, see 
section 121 

1.3. The functor of Hamiltonian reduction. Let W denote the symmetric group on n letters 
and write e £ C[W] for the averaging idempotent in the group algebra of W. Let T n be the 
standard maximal torus of SL formed by diagonal matrices, and write tn = LieT n . The 
group W acts naturally on T n and on tn by permutation of coordinates. 

Associated with a complex number kgC, there is an algebra H« ng (SL) , the trigonometric 
Cherednik algebra of type SL at parameter k, see §8.11 for a precise definition. Let U K := 
eH K ng (SL)e denote the spherical subalgebra of H K rig (SL). The algebra U K contains the algebra 
(Symt) 117 = C[t*] w as a commutative subalgebra. 

An important role in the representation theory of Cherednik algebras is played by cate- 
gory O k . By definition, this is the category of finitely generated left U K -modules which are 
locally finite as (Symt) w/ -modules, see $6] 

Applications of the theory of mirabolic £F-modules to the representation theory of Chered- 
nik algebras are based on the functor of Hamiltonian reduction from the category of 
mirabolic f^-modules on SL x V with monodromy q, to category O n for U K . Here, the pa- 
rameters q and k are related, via an auxiliary complex parameter c, by the formulas: 

K = 1 — c, q = exp(2-7rv / — lc). (1.3.1) 

We recall the definition of the Hamiltonian reduction functor. Let c G C. Let g c be the Lie 
subalgebra of V defined as the image of the map — y T>, //(a) — cTr(a), which is a Lie 
algebra homomorphism. The Hamiltonian reduction functor is the following functor 

M c : -> O k , Jl i— > H c (^#) := {m G T(X,^#) | Q c -m = 0}. (1.3.2) 

It is easy to see that the functor H c kills the subcategory ^ unless q = exp(27rv / — lc). 
Furthermore, it was shown in IIGGl Proposition 7.3] that, for q = exp(27r-v/— lc), the functor 
H c induces an equivalence ^/ ker H c ^ O k . Thus, it is important to have a description of 
the kernel of the functor H c . The theorem below provides such a description for almost all 
values of the parameter c. To explain this, we need the following 

Definition 1.3.3. Put BAD = {f | a, b £ Z, 1 < b < n}. We say that the parameter c G C 
is good if c ^ BAD n (0, 1). We say that c is admissible if c ^ BAD n Q>o and, additionally, if 
n = 2 then c g BAD. 

The description of the kernel of the functor H c given in the following theorem involves 
a stability condition in the sense of Geometric Invariant Theory. To formulate the stability 
condition, one equips the trivial line bundle over T*X with a G-equivariant structure using 
the determinant character. Explicitly, we let G act on T* X x C by g ■ (x, t) = (g ■ x, det(g)~ 1 t) 
for all x £ T*£, g £ G and t £ C. Write (T*£) unst '+ for the set of unstable points with respect 
to this line bundle and (T*X) nnst >~ for the set of unstable points with respect to the inverse 
line bundle, which corresponds to the character det -1 . 
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Theorem 1.3.4. Assume c&Cis admissible and let M e ff q bea mirabolic module on X. Then, we 
have SS(^) C (T*X) unst '+ if and only ifU c (^) = 0. 

The above result, to be proved in $7} was anticipated, in one form or the other, by a num- 
ber of people. A similar result is expected to hold in the much more general framework of 
noncommutative algebras obtained from an algebra of differential operators via quantum 
Hamiltonian reduction (e.g. quantizations of Nakajima's quiver varieties). Most of the re- 
sults of Q7.3[ that are used in the proof of Theorem ll.3.4[ can be extended to this more general 
setting without much difficulty. However, one of the obstacles to finding a generalization 
of our theorem is lack of a plausible general condition that should replace the admissibility 
assumption on the parameter c. The latter assumption is quite essential for the statement of 
Theorem ll.3.4l to be true. 

An interesting special case where a replacement of the admissibility condition has been 
found and an analogue of the above theorem has been established is the case of hypertoric 
varieties studied in the recent preprint by K. McGerty and T. Nevins BMcNL 

Theorem ll.3.4l together with Proposition llAll below imply that: 

Corollary 1.3.5. For any c G C \ BAD, the functor H c : ^ g — > O k is an equivalence. 

Remark 1.3.6. One can ask if a result similar to Theorem ll.3.4l holds for the negative stability 
condition. In order to prove such a result, one must consider c € Q>0/ and in particular 
values of c which are not admissible. The arguments used in the proof of Theorem ll.3.4l are 
not applicable because of the failure of localization for ^-modules on X. However, Lemma 
[ZZLHimplies: if O then SS(^T) C (T*X) unst >~ implies that H c (^f ) = 0. 

Our next result says that the functor of Hamiltonian reduction commutes with shift func- 
tors. When studying shift functors, it is more convenient to work with twisted ^-modules 
on X = SL x P( V) rather than ordinary i^-modules on X = SL x V , see section[7j An advan- 
tage of working with twisted ^-modules is that the category 'rf q , of mirabolic ^-modules 
on X, gets replaced by a category of mirabolic twisted ^-modules on X. 

Tensoring with the line bundle 0(n), on P(V), gives a natural geometric shift functor 
^ c — > 'tfc-i, M h-> j$ in). On the other hand, based on Opdam's theory of shift operators, 
there is a shift functor S : U K -mod — > U K+ i-mod. 

In §7.51 we prove the following strengthening of an earlier result established in l|GGS|| . 

Theorem 1.3.7. Assume that c is admissible. Then, the following diagram commutes 

©c ~Z *~ ®c-l 

H H 

1 ^ Ck+1 



1.4. The support of simple mirabolic £F-modules. The space X has a partition into a finite 
union of smooth locally-closed strata, see section|3]for details. Every irreducible component 
of the Lagrangian variety M n n (SL) is the closure of the conormal bundle to a certain stratum. 
The strata which arise in this way are called relevant. These relevant strata, X(A, fi), are 
labeled by the bi-partitions (A, //) of n. The support of any simple mirabolic module is the 
closure of a relevant stratum. 

Let X cyc C X be the open subset formed by the pairs (g, v) such that the vector v is cyclic 
for g, i.e. such that we have C[g] -v = V. Further, let 3t rcg C X cyc be the open subset formed 
by the pairs (<?, v) G 3t cyc , such that g £ SL, is a regular semi-simple element, that is, a matrix 
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with determinant one, and with n pairwise distinct eigenvalues. The set X cyc is a union of 
relevant strata and the set X TCg is the unique open stratum in X. 

The following result provides some information about the supports of simple mirabolic 
modules. This information plays an important in the proof of Theorem 11.3.41 as well as in 
the analysis of the mirabolic Harish-Chandra P-module, see Theorem ll.5.21 

Proposition 1.4.1. Let M E^qbea simple mirabolic module. 

(1) If q' n 7^ lfor any 2 < m < n, then Supp^# = X. 

(2) Ifq = 1, then Supp^ = X((l k ),(l n - k )) for some < k < n. 

(3) If q is a primitive m-th root of unity, where 2 < m < n, then 

Supp^# = X((m v , l w ), (m u ))for some u,v,w G N such that n = (u + v)m + w. 

Independent of Theorem |1.3.4| above, one can ask whether a simple mirabolic i^-module 
supported on the closure of a given stratum is killed by the functor of Hamiltonian reduc- 
tion. The following proposition gives a partial answer to that question. First, introduce the 
following sets of rational numbers: 

Sing_ = { — G Q<o | 2 < m < n, (r, m) = l\ , Sing, = {— c+ 1 | c G Sing_}, 

where (r, m) denotes the highest common factor of r and m. 

Proposition 1.4.2. Let c G C and set q = exp(27r-v/— Tc). Let G 'tfqbe a simple mirabolic 
module such that Supp^# Cl \ X reg . 

(1) If Supp^ = X((m v , l w ),$)for some v, w G N such that n = vm + w then 
H c (^) 7^ implies that c = ^ G Sing_. 

(2) IfSuppJZ = X((l w ), (m u ))for some u,w G N such that n = um + w then 
Etc(^#) 7^ implies that c = — G Sing + . 

(3) For all other one has H c (^#) = Ofor all c. 

The proof of Propositions II .4. T1 and [TA2l is given in section [6~4l We note that Proposition 
|1.4.2| can be used to classify the possible supports of simple modules in category O k for the 
algebra U K . 

1.5. The mirabolic Harish-Chandra ^-module. In the seminal paper [HK1| , Hotta and 
Kashiwara have defined, for any complex semisimple group G, a holonomic ^(G)-module 
that they called the Harish-Chandra 3-module. This ^-module is important, for instance, 
because of its close relation to the system of partial differential equations on the group G 
introduced by Harish-Chandra around 1960 in his study of irreducible characters of infinite 
dimensional representations of the group G. 

The definition of the Harish-Chandra £F-module involves a choice of "central character ", 
a closed point A G Spec 3/ where 3 is the algebra of bi-invariant differential operators on G. 
Write 3a fc> r the corresponding maximal ideal in 3 and put © := Lie G. The adjoint action of 
the group G on itself induces a Lie algebra map ad : © — > £?(G), c.f. §1.21 Then, following 
Hotta and Kashiwara in IHK2L the Harish-Chandra ^-module at parameter A is defined to 
be 

Jx := @(G)/(@{G) ■ ad(<3) + 9(G) ■ 3a). (1-5.1) 

It is not difficult to show that JxIg^s, the restriction of J\ to the open set G reg of reg- 
ular, semi-simple elements, is a local system of rank \ W\, the order of the Weyl group of 
G. Furthermore, one of the main results proved by Hotta and Kashiwara using a famous 
theorem of Harish-Chandra on regularity of invariant eigen-distributions says that one has 
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J\ — ,7!*(Ja|g"«)/ i-e. J\ is the minimal extension with respect to the natural open embed- 
ding j : G rog ^->- G of the local system J\ | c^g . 

We now return to the setting of £L2]and let G = SL = SL(V). We i dentif y Spec 3 with 
in/W via the Harish-Chandra homomorphism. Motivated by formula (1.5.1) , in IIGGL the 
authors introduced, for each pair (A, c) G f£/W x C, a ^-module on the space X = SL x V, 
called the mirabolic Harish-Chandra ^-module with parameters (A, c). It is defined to be 

g AiC :=V/{V- Qc + V-3 X ). 

The mirabolic Harish-Chandra ^-module is an example of a mirabolic ^-module and it 
was further studied in IFG2|I . It is known, in particular, that the restriction of Q\^ c to £ reg is 
a local system of rank n\. 

One of the motivations for the present work was our desire to understand whether or 
not one has an isomorphism Q\ c = j\*{G\ )C \x ia s), where j : £ rcg X denotes the open 
embedding. It turns out that if c is generic then the isomorphism holds. However, for non- 
generic values of the parameter c, the isomorphism may fail. In other words, for certain 
values of c, the D-module Q\, c may have either nonzero simple quotients or submodules (or 
both) supported on X \ X reg . 

Our main result about the mirabolic Harish-Chandra ^-module describes the possible 
supports of simple quotients, resp. submodules, of Q\ )C as follows. 

Theorem 1.5.2. Let c G C. For any A e t* n /W , the following holds: 

(1) If c G" Sing + U Sing_ then Q\^ c has no submodules or quotients supported on X \ X rcg . 

(2) lfc=j-E Sing„ then: The simple quotients ofG x ,c are supported on the closure of the strata 
X((m v , 1™), 0) where v, w E N such that n = vm + w. 

The simple submodules of Gx, c we supported on the closure of the strata X((l w ), (m u )), 
where u, w G N such that n = urn + w. 

(3) Ifc = ^ G Sing + then: The simple quotients ofGx, c we supported on the closure of the strata 
X((l w ), (m u )), where u, w G N such that n = um + w; 

The simple submodules of Q\, c are supported on the closure of the strata X((m v , l w ),$), 
where v , w G N such that n = vm + w. 

Remark 1.5.3. When c G Sing + U Sing_, it is likely that G\, c wm also have subquotients 
supported on the closure of the strata X((m v , l w ), (m u )), where n = (v + u)m + w. 

Corollary 1.5.4. Let c G C and A G i* n /W. 

(1) If c tf: Sing + U Sing_ then the Harish-Chandra Qi-module is the minimal extension of its 
restriction to X reg . 

(2) If c G Sing_, resp. c G Sing + , then Q\ c has no quotient modules, resp. submodules, 
supported on X cyc \ 3C reg . 

Notice that we have Sing + U Sing_ . Therefore, Corollary 11.5.41 says that for c = 0, 
similarly to the case of the ^-module J\, studied by Hotta and Kashiwara, the mirabolic 
Harish-Chandra £F-module £a,o is isomorphic to the minimal extension ji*((5a,o I x™s)- 

Remark 1.5.5. The ^-module Q\o has been studied earlier by Galina and Laurent IIGLL in 
connection with Kirillov's conjecture, c.f. IBaL In |GL| , the authors claim that the ^-module 
Qx t o nas no submodules supported on X \ X rcg , a statement weaker than the isomorphism 
G\,o — J\*(G\,o\x rc s)- However, the argument on page 17 of IIGLII seems to have a serious gap. 
Specifically, the three options considered there do not exhaust all the possibilities since there 
may be other relevant strata, see definition l3.2.1l that need to be considered. 
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1.6. Outline of the article. In section |2l we first recall the definition of G-monodromic 
^-modules and describe some of their basic properties. Then, we give two definitions of 
mirabolic modules and prove Theorem ll.2.4l from the introduction, which claims that these 
two definitions are equivalent. We use this theorem to construct the spectral decomposition 
of the category of mirabolic modules. 

In section |3j we recall a certain stratification of the space X and remind the reader of the 
definition of the relevant strata in this stratification. Then, cuspidal mirabolic modules on 
Levi subgroups of SL are studied in section|H We explicitly describe all cuspidal modules. 
In order to be able to use this classification of cuspidal modules, we construct in section [5] 
a certain reduction functor. This produces, for each simple mirabolic module supported on 
the closure of a relevant stratum X(L, $7), a cuspidal module associated to L. 

In section we study the functor H of Hamiltonian reduction, which is one of the main 
objects of interest in the article. We show that EI possess both a left and right adjoint. More- 
over, H is shown to be compatible with the reduction functor, in an obvious sense. Com- 
bining this with an explicit description of the cuspidal mirabolic modules, we are able to 
deduce considerable information about the kernel of the functor H. 

The proof of the main results, Theorems ll.3.4l and 11.3.71 are contained in section [7] Here, 
we study the compatibility of EI with shift functors on ^ c and O k . 

The appendix contains some details on the radial parts map and summarizes the results 
of HGGSH (in the trigonometric case). 

1.7. Acknowledgments. The authors would like to thank Iain Gordon for stimulating dis- 
cussions. We are grateful to Kevin McGerty and Tom Nevins for showing us a draft of their 
preprint |McNJ before it was made public. The first author is supported by the EPSRC grant 
EP-H028153. The research of the second author was supported in part by the NSF award 
DMS-1001677. 

2. Mirabolic modules 

In this section we give two definitions of mirabolic ^-modules. Our main result, Theorem 
11.2.41 says that these definitions are equivalent. Before we do that, we recall some of the basic 
properties of monodromic ^-modules. 

2.1. Monodromic ^-modules. Let G be a connected linear algebraic group with Lie algebra 
g. We fix a smooth G- variety X and let fi : T*X — > q* be the moment map for the induced 
action on the cotangent bundle of X. By a local system we always mean an algebraic vector 
bundle equipped with an integrable connection that has regular singularities. 

Definition 2.1.1. A coherent f^x-module j% on X is said to be G-monodromic if SS(^#) C 
// -1 (0). Let {@Xi G)-mon denote the category of G-monodromic *2)x -modules. 

We begin with a general result, which is probably well-known. We provide a proof since 
we were unable to find the statement in the existing literature. 

Proposition 2.1.2. Let X and Y he smooth quasi-projective G-varieties. 

(i) For any G-equivariant morphism f : X — >■ Y and k E Z, the functors /*, f\, /*, f l (more 
precisely, the cohomology in every degree of the derived functor in question), as well as Verdier 
duality, preserve the categories of G-monodromic, regular holonomic 3- modules. 

(ii) Let M be a G-monodromic, regular holonomic ^-module on X. Then the action of q on 
H k (X,^) is locally finite. 
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(iii) Conversely, let ^ be a coherent 3>x-module generated by a finite dimensional Q-stable sub- 
space ofT(X, M). Then ^ is G-monodormic. 



Part (ii) of the Proposition was also stated (without proof) as Proposition B1.2 in HGi3) . 

Proof. The proof of (i) mimics the standard argument ||HTT[ Theorem 6.1.5] in the non- 
monodromic case. First of all, Verdier duality doesn't affect the characteristic variety, so it 
takes G-monodromic modules into G-monodromic modules. Next, given a map / : X — > Y, 
one has the standard diagram, c.f. |HTTl §2.4]: 

T*X f^-Ixy T*Y ^4 T*Y. 

Let ^# be a G-monodromic £Px -module. In the special case where / is a proper mor- 
phism we have /* = f\ and, thanks to a result of Kashiwara, IHTTl Remark 2.4.8], one has 
SS(R k C Uf(pJ 1 (SS^#)). This yields the statement of part (i) involving the functors 
/*, f\. A similar estimate, IHTTl Theorem 2.4.6], yields the statement involving the functors 
f and /* in the case where / is a smooth morphism. 

Next, let / be an affine open embedding. Then, all four functors /*, /i, /* , /• are exact. The 
statement of part (i) involving pull-back functors is clear. Thus, thanks to duality, it remains 
to consider the functor /* . To this end, we put Z : = Y \ / (X) . Since / is assumed to be affine, 
Z is a G-stable divisor in Y. Then, one shows that there exists a G-equivariant line bundle 
on Y , a section s of that line bundle, and a character \ £ 0* such that jj,{a){s) = x{ a ) " s 
holds for all a € (i.e. s is a semi-invariant section) and, moreover, set-theoretically one 
has Z = s _1 (0), see IIFG2L Lemma 2.2.1. The semi-invariance property implies that for any 
t G C, we have the equality fi(fi~ l (0) + t ■ dlog s) = t ■ x hi S*/ c.f. IIFG21 §2] for a discussion 
of the relevant geometry. 

Now, let ^ be a G-monodromic, holonomic &x -module with regular singularities. Then, 
using IG121 Theorem 6.3] in the first equality below, we find 

SS(/^) = lini[SS(^)+t-dlogs] C lim [/^(O) + 1 ■ dlogs] C lim fT 1 ^ ■ x ) = M _1 (0). 

We conclude that /*^# is a G-monodromic &y -module. 

Finally, let / : X — > Y be an arbitrary G-equivariant morphism. Then, by Sumihiro's 
Theorem, ICG I Theorem 5.1.25], the variety X has a G-equivariant completion, i.e., there 
exists a projective G-variety X and a G-equivariant open embedding j : X ^ X, with 
dense image. Applying, if necessary, the equivariant version of Hironaka's Resolution of 
Singularities Theorem, |BMI , we may ensure that the variety X is smooth and that X \ X is 
a divisor in X. The morphism / factors as a composition 

X 8raph(/) , X x Y _^L^ XxY J^Y, (2.1.3) 

where the first map is a closed embedding via the graph of /. 

The statement of part (i) involving direct image functors holds for each of the three maps 
in (|2.1.3|) , thanks to the special cases considered above. Therefore, it holds for the map 
/ itself. A similar argument yields the statement of part (i) involving pull-back functors 
provided the statement holds for the first map in (|2.1.3|) . More generally, let i : X <-} Y 
be an arbitrary closed embedding and let JV be a G-monodromic, regular holonomic S!y- 
module. Put U := Y \ i(X); let j : U ^ Y be the natural open embedding and let 
~# := j*JV. Then, there is a canonical exact triangle i\v^V — > JV — > We know that 

both Jf and j^^M are G-monodromic and regular holonomic. It follows that i'jV is also 
G-monodromic. This completes the proof of part (i). 



To prove (ii), we choose a G-equivariant completion j : X X, as above, and let 
JV := Thus, jY is a G-monodromic, regular holonomic ^-module. Such a i^-module 

has a canonical good filtration T%Jf such that the support of the associated graded sheaf is 
reduced, IIKKl Corollary 5.1.11]. We know that the characteristic variety of JV is contained 
in /i _1 (0), where [i is the moment map for the action of G on T*X. This means that if a a is 
the vector field on X corresponding to a G g then multiplication by the symbol of a a is the 
zero map T\jY /Ti-\j¥ — > Ti+\jV / TiJf . Hence the g-action respects the filtration. Note 
that, for any k and i, the space H k (X,J 7 i ^) is finite dimensional, since T{Jf is a coherent 
sheaf on X and X is a projective variety. 

Finally, since j is an affine embedding, we get 

H k (X,^) = H k (X,j^) = H k (X,^V) = lim H k (X,Ti^T). 

i 

We deduce that the g-action on H k (X, Jt) is locally finite. 

(iii) Let Mq c T(X, J%) be a finite dimensional, g-stable subspace that generates J% as 
a ^-module. If 9x,<i for i e Z denotes the order filtration on 9x, then Ti := 9x,<i • Mo 
defines a g-stable, good filtration on Since /x(g) C 9x,<i \ 9x,<o, this implies that 
SS(^f) C /i _1 (0) i.e. ^# is G-monodromic. □ 

2.2. (G, q)-monodromic ^-modules. From now on, we assume that G is a reductive, con- 
nected group with Lie algebra g. Let Hom(G, C x ) be the character lattice of G. Taking 
the differential of a character at the identity element of the group G yields an embedding 
of the character lattice into the vector space (fl/[fl,fl])*, of Lie algebra characters. We put 
Q(G) = (g/[g, g])7Hom(G,C x ). 

Given an element X e (g/[g,fl])*, let O g := 9(G) /9(G) ■ {a - x (a), a G g}. This 9- 
module is a rank one local system on G. It is easy to show that every rank one local system 

on G is isomorphic to O g , for some x £ (fl/Ifljf)])*- Any two local systems O g and O g 
are isomorphic if and only if the image of \ an d ip in Q(G) are the same. Therefore, given 
q G Q(G), the local system O g is well-defined up to isomorphism. 

Next, fix a smooth G-variety X and write a : G x X — > X for the action map. 

Definition 2.2.1. Let q G Q(G). A coherent ^-module on X is said to be (G, o/)-monodromic 
if there is an isomorphism a*^M —> O g Kl jtft of ^-modules on G x X. 

It is clear that for q = 1 we have O g = Oq- Thus, since we have assumed that G is 
connected, being (G, l)-monodromic is the same thing as being G-equivariant, c.f. IIL21 §1.9]. 
If G is connected and semisimple then the only linear character of g is x = 0, so any (G, q)- 
monodromic i^-module is G-equivariant. In general, any (G, q)-monodromic ^-module is 
a G-equivariant, quasi-coherent Ox -module. 

Further, any (G, q)-monodromic ^-module is clearly G-monodromic. An extension of 
two (G, q)-monodromic ^-modules is a G-monodromic ^-module which is not necessarily 
(G, q)-monodromic, in general. 

Let (9x , G, q)-mon be the full subcategory of the category (9x , G)-mon, of G-monodromic 
9x -modules, whose objects are (G, q)-monodromic 9x -modules. It is clear that (9x , G)-mon 
is an abelian category and (9x, G, q)-mon is an abelian subcategory (which is not, however, 
a Serre subcategory of (9x, G)-mon, in general). 

The above is complemented by the following result. 

Lemma 2.2.2. (i) Let ^ be a simple, holonomic G-monodromic 9-module with regular singulari- 
ties. Then, there exists some q G Q(G) such that ^# is (G, q)-monodromic. 
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(ii) Assume there exists some q £ Q(G) suc/z t7zfli is (G, q)-monodromic and moreover G acts 
on X with finitely many orbits. Then M has regular singularities. 

(iii) Let ^ be a coherent & -module, generated by a fi(Q)-semi-invariant global section of weight 
X £ (fl/tfli 8])*- r/zen Jft is (G, q)-monodormic, where q is the image ofx in Q(G). 

Proof, (i) We may view Supp the support of Jl , as a closed subvariety of the zero section 
of the cotangent bundle T*X (that is, if Supp j% is not dense in X, then we identify Supp M 
with the closure of the conormal to (Supp^#) reg in T*X). Thus, Supp^# is an irreducible 
component of SS(^#), a G-stable Lagrangian subvariety in T*X. Let SS'(^C) be the union 
of all the irreducible components of SS(^#) but Supp^#. Thus, SS'(^#) is a G-stable closed 
subvariety of T*X. Hence, U := Supp M \ SS'(^) is a G-stable open subvariety of Supp M ' . 
Replacing U by its smooth locus if necessary, we may assume in addition that U is smooth. 
Let j : U <— >■ X denote the (locally closed) embedding and let L = yjjt. Applying Kashi- 
wara's theorem, c.f. MHTTl Theorem 1.6.1], we find that the characteristic variety of L equals 
the zero section of T* U. It follows, since ^# is assumed to have regular singularities, that 
L is a local system on U . Further, since j% is simple, we deduce that the canonical mor- 
phism M — > j*3'^ yields an isomorphism M ^ j\*L. Moreover, the local system L must 
be irreducible. 

Let a : G x U — > U be the action map. Since L is simple, a*L is a simple local system 
on G x U and thus, thanks to the Riemann-Hilbert correspondence and an isomorphism 
7ri(G x U) = 7ri(G) x tt\(U), equals l_i Kl l_2 for some simple local systems l_i on G and L2 
on U. If % : U ->• G X U, x (->• (e, x), then i o a = Idy implies that L 2 ~ 13 L 2 ) = L 

(here we have used the fact that the rank of l_i is one). Hence, by the functorality of minimal 
extensions, a*^# ~ l_i M , and (i) follows. Part (ii) is MFG21 Lemma 2.5.1]. 

(iii) Let u £ T(X, ^#) be a semi-invariant section of weight \ G (0/(0, fl])* that generates 
Let fix ■ — > @x be the differential of the action map a : G x X ^ X and fio '■ — > ^g 
the embedding as right invariant vector fields (i.e. the map obtained by differentiating the 
action of left multiplication by G on itself). Then a is G-equivariant, where G acts onGxX 
by acting on G by left multiplication and acts trivially on X. This implies that 

Hg{A) ®m = l®/jj(i)-me 3>GxX->x ^> a -^& x a" 1 Ji VAgg, me Ji . 

Hence, there is a nonzero homomorphism (f> : O x M ^# — > a*^ , given by 1g u i-> 1 ® u. 
This is surjective since a*^# is generated by 1 (g> it. Therefore, we have a short exact sequence 

-> -> Og^^# ^ a*^ -> 0. 

For each 3 e G, let j 9 : X h> G x J be given by j 5 (x) = (5, x). The module G M ^ is 
non-characteristic for j g , hence so too are and a*J%. Thus, the sequence 

-»• j* -»• Jl f g a*J( -»• 

is exact. Since j*(</>) = Id^, we have = 0. The fact that Jfr is non-characteristic for j g 
and j* JT = for all 5 6 G implies that = 0. □ 

The special case G = GL(V) will be most important for us. In that case, we have = gl n 
so the vector space (0/(0,0])* is one dimensional with Tr, the trace function, being the nat- 
ural base element. Similarly, the character lattice Hom(G, C x ) is, in this case, a free abelian 
group with generator det, the determinant character. The above mentioned canonical em- 
bedding Hom(G,C x ) ^ (0/(0,0])* sends det to Tr. Thus, we have Q(G) = C x . Explicit, 
C (0/(0, 0])* by c i-)- cTr, and hence 

(0/(0,0])* ->Q(G) ^C x , c-»g:=exp(27T>/=lc). (2.2.3) 
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2.3. Fix T c B c G, a maximal torus contained inside a Borel subgroup of G, and let £/ be 
the unipotent radical of B. Write t C b C g and u, for the corresponding Lie algebras. The 
group T acts freely on the affine base space G/U by multiplication on the right, and B := 
G/B = (G/U) /T is the flag manifold. Let T A C T x T be the diagonal and T:= (Tx T) /T A . 
Let <3f = {G/U x G/U)/T A , the horocycle space, be the quotient of G/U x G/C7 by the T- 
diagonal action on the right. Thus, the (T x T)-action on G/U x G/U on the right descends 
to a free T-action on & . 
Consider the diagram 

G x B (2.3.1) 




G 

where p is projection along B and q(g, F) = (F, g(F)). 

Given a holonomic i^-module J'onG and i £ Z, let Jf l (qip*^#) denote the i-th coho- 
mology -module of the complex qip*^#. 

Lemma 2.3.2. Let ^ be a holonomic Si -module on G. Then, for any i G Z, one /zas 

(i) If SS(~#) C G x M and M has regular singularities, then Jt? 1 (qip* JZ) is a T-monodromic 
£>-module. 

(ii) Let H be a subgroup of G and let be H-monodromic with respect to the adjoint action of 
H on G. If \M has regular singularities, then Jf l (qip*^#) is an H-monodromic Si-module with 
respect to the H -diagonal action on & on the left. 

(iii) If the ^-action on T(G,^) is locally finite then, for any T-stable open subset U C & ' , the 
U(LieT)-action on F(U, Jf*(qip*^)) is locally finite. 

Proof, (i) Since p is smooth, the characteristic variety of p*^ will be contained in G x J\f x 
B x {0}. The map q is also smooth and the fiber of q over (h\U,h,2U) can be identified 
with h,2UhT 1 . Moreover, one can show that q makes G x B a locally trivial (in the Zariski 
topology) fiber bundle over & '. Therefore the result [MV, Proposition B.2], based on [Gill 
Theorem 3.2], shows that 

SS(q.p*^) C u q (pq 1 (G x TV x B x {0})). (2.3.3) 

We identify g with left invariant vector fields on G. Then T*(G/U) is naturally identified 
with G xij b. The differential of q is given by 

(d (g>hU) q){A, B) =(B,B- Adfc(A)), V A G g, B G g/b. 

The moment map for the right T x T-action on T? hUhlU j(G/U x G/U) is the map 

(G xjj b) x (G x v b) ->■ tffi t, (g 1 ,X,g 2 ,Y) H> (A mod u,Y mod u). 

Therefore, if (X, Y) G Tf UgiiU) W then (X + Y) = mod u. We have 

p q (( 5 , hU), (X, Y)) = (g, - Ad h -i (X), />[/, X + y) 

Hence, if (/it/, X, ghU, Y) is contained in the right-hand side of ( |2.3.3|) , then - Ad ft -i (X) G A" 
implies that A is nilpotent. But then ( X + Y) = mod u implies that Y is nilpotent too. This 
implies that (X,Y) G u © u = p^\ T {^)(hu.ghU)- Thus, since Mtxt(^) ls closed in T*^, the 
right-hand side of (|2.3.3|) is contained in p,^ T (0). Part (i) follows. 

(ii) Define a G-action on G x B by h : (g\,g2B) \-t (hgih^ 1 , hg 2 B). With respect to this ac- 
tion, each of the maps p and q is G-equivariant. In particular, these maps are if-equivariant, 
for any subgroup FL C G. Therefore, part (ii) follows from Proposition ^. 1 .2lT ) . 
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(iii) For U = this is stated in IGi3[ Proposition 8.7.1] and proved in MGi4t page 158]. The 
proof given in loc. cit. works in the more general case of an arbitrary T-stable open subset 
U C 9 as well. □ 



2.4. Given an action of the abelian Lie algebra t on a vector space E and an element 9 G t*, 
let E^> denote the corresponding generalized weight space - the subspace of E formed by all 
elements annihilated by a sufficiently high power of the maximal ideal Ker 6 of the algebra 
U(t). Similarly given an action of the Lie algebra tffi t on E, and an element 62) G t* © t*, 
we write E^ 1 ' 02 ^ for the corresponding generalized weight space. 

The projection 7 : G/U — > (G/U)/T = G/B, by the T-action on the right, is a princi- 
pal T-bundle, in particular, it is an affine morphism. Let t — > *2${G/U) be the Lie algebra 
embedding induced by the T-action. Let p G t* be the half-sum of positive roots. 

Later on, we will use the following consequence of the Localization Theorem of Beilinson 
and Bernstein. 

Theorem 2.4.1. Let K. be an object of the bounded derived category of coherent S>-modules on G/U 
such that, for every j G Z, the t-action on the sheaf -y.Jtfi (IC) is locally finite. Let 9 G t* be such that 
(7. J^ fc (X)) (e) / Ofor some k €Zand let v G t* be such that v - 9 G Hom(T, C*) and v + p is a 
regular element in t*. Then, one has 

(i) There exists feZ such that R i T(G/U, £)M ^ 0. 

(ii) Assume in addition that the object K, is concentrated in degree zero, i.e. is a ^-module, and 
the weight v + p G t* is dominant. Then, one has T(G/U, /C) M ^ 0. 

Here, part (ii) follows from |BBl] and part (i) is a reformulation of a result from MBB2I| . 

2.5. From now on, we use the setup of £ 11.21 see Convention 11.2.11 Thus, V = C n and 
G = GL(V). The group G acts on SL = SL(V) by conjugation and acts naturally on V. We 
equip the space X := SL x V with the G-diagonal action. 

Let a : SL x V — > SL x V be the map given by the assignment (g, v) i-)- (g, g(v)). It is 
immediate to check that a is a G-equivariant automorphism of X. 

Lemma 2.5.1. The pull-back functors ^ i->- <r*^#, <r ! ^# and the push-forward functors h-» 
<T!^#, a*Jt give auto-equivalences of the category c €. 

Proof. Let d*a be the automorphism of T*X induced by a. In both cases, proving the claim 
amounts to showing that d*a(M. n \\) C M n n. The map a being G-equivariant, it follows, on 
general grounds, that one has d*a(/j,^. 1 (0)) C / u^ 1 (0). It remains to show that if (g, Y, G 
M nM C T*X = SL x si x V x V* and d*a(g,Y,i,j) = (g',Y',i',j') r then Y 1 is a nilpotent 
matrix. To this end, one first calculates that d^ g i ^a(X, v) = (X, gX(i) +g(v)). Hence the map 
d*a is given by the following explicit formula 

d*a : (g, Y, i, j) ^ (g,Y-i®j, g(i), g*(j)). 

Hence, for (g, Y, G M n n, from the equation in the right hand side of (|1.2.2|l , we deduce 
that Y — i ® j = —gYg^ 1 . Thus, Y G M implies that Y — i © j G M, and we are done. □ 

It will be convenient for the proof of Theorem ll.2.4l to consider the group G := C x x SL. 
We make X into a G- variety by letting the group SL act through its embedding into G and 
letting C x act on X = SL x V via the natural action by dilations on the second factor. It is 
clear that a ^(X)-module is G-monodromic iff it is G-monodromic. The latter condition is 
also equivalent to being SL-equivariant and C x -monodromic. Further, let pr : C x xl->l 
denote the projection map. We have an identification C x x X = C x x SL x V = G x V. 
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Replacing jjt by pr* jfa ' , X by G x V and q by := Lie(G), it suffices to prove the analogue 
of Theorem ll.2.4l in this setting. 

We let the group SL act diagonally on the variety ^xV, resp. on the variety SL x (SL/U) x 
V. We let C x act on W xV, resp. on SL x (SL/U) x V, via its action on V, the last factor. 
Thus, we obtain a G-action on W x V, resp. on SL x (SL/U) x V. Further, let the torus T act 
on^ xV through its action on W, the first factor. The actions of G and T commute, making 
& xVaGx T-variety. It will be crucial for us that the number of G x T-orbits on W x V is 
known to be finite, IMWZI . 

Our arguments below involve the following analogue of diagram (I2.3.1I) : 

G x B x V (2.5.2) 




G x V <3f x V 

where p is projection along B and q(X,g,F,v) = (F,g(F),v) for all A G C x , g G SL, F G 
SL/U, and v G V. Each of the maps p and q is easily seen to be G-equivariant. 

Fix Jl , a ^-module on G x V with regular singularities such that SS(^#) C M n n(G). It 
is G-monodromic and holonomic. Put M := q\p*~># and, for each integer k, let J4? k (M) 
denote the k-th cohomology £F-module of M. The characteristic variety of p*^ is contained 
in M ni ,(G) x Tg23. Therefore it follows from Lemma|232ti) that Jf k (M) is a T-monodromic 
^-module on W x V . Furthermore, the maps p and q being G-equivariant, part (ii) of Lemma 
I2.3.2l ensures that J^ k (M) is a G-monodromic ^-module. 

Remark 2.5.3. The following diagram, similar to \2.5.2) , has been considered in I1FG21 §4.3]: 

SL x ¥(V) ^— SLxBx F(V) — & x F(V), 

Here, the map p is the projection along B and the map qis given by the formula q(g, F, v) = 
(F,g(F),g(v)). Letq : GxBxV -> & x V be similarly defined by q(g, F, v) = (F, g(F), g(v)). 
The relation between these two settings is provided, essentially, by the automorphism a of 
Lemma 12.5.11 Specifically, write w : V \ {0} — > P(V) for the canonical projection and 
q : SL x B x (V \ {0}) — > <3/ X (V \ {0}) for the map induced by the map q in diagram 
(|2.5.2[) . Then, one clearly has: 

q = q° (a x Idg) and q° (IdsLxS x ro ) = (Id^ x w) °q° (a x Ids). 

In loc. cit. the pair of adjoint functors (between the appropriate derived categories) hc(— ) = 
Q\ °P*(— ) [dim 23] and ch(— ) = p*°?[-(—)[—dimB] were studied. Analogously, we define the 
functors hc(— ) = q\ °p*(— )[dim23] and ch(— ) = p*q- ° (— )[— dim B]. Then, 

he = 3i °p* °cr\(— )[dim23], ch = a' °q'(— )[— dim23]. 

Moreover, the results of £17.21 imply that hc°F c = F c °hc and ch°F c = F c °ch, where F c : 
^rxv-mod — > f%r x p(y)-mod is defined by F C (JK) = Ker(euy — c; (Id^- x w).j*M) and j is 
the inclusion <3f x (V \ {0}) 4f x7. 

2.6. Proof of the implication (i) =4> (ii) of Theorem 11.2.41 Let be a G-monodromic, holo- 
nomic ^-module with regular singularities. Proposition 12.1.21 implies that the action of 
//(<5) on T(G x V, JC) is locally finite. 

Thus, we must show that the 3-action on T(G x V, j$) is also locally finite. To this end, 
we will need to apply the results of section l2~!4l in a slightly different setting. In more detail, 

13 



recall the notation *3f = (SL/U x SL/[/)/Xa. We consider the following diagram: 

Y := SL/U x SL/U xV <& xV B x B x V, (2.6.1) 

where the first map is a torsor of the group Ta and the second map is a torsor of the group 
(T n x T n )/T A . We put Jf = m*(q\p*J£) and write Jfi := for the j-th cohomology 

^-module of jY ' , an object of some derived category. 

The group T n x T„ acts along the fibers of the map 7r°ro. We claim first that the induced 
action of the Lie algebra tn © tn on (tx°w).jV^ , is locally finite, for any j G Z. To prove 
this, let y C B x 6 x V be an open subset. The morphism now being affine, we have 
r((vr°ro)- 1 (y), ^') = r(y , (ir°m).jr j ). Observe that j¥ j is a T„ x T n -monodromic 9- 
module, by Proposition 12. 1 .2\ i) . Therefore, part (ii) of the same proposition implies that the 
(tnffitn)-action on the space T((TTow)^ 1 (i / ) 1 J/i) is locally finite. Hence, the (tn® tn) -action 
on T(y, (it °w).^V'->) is also locally finite, and our claim follows. 

We conclude that there exists an integer j G Z and an element (0i, 2 ) £ t* © t* such that 
we have ((it ow).^V^)^ 1,e2 ^ ^ 0. Observe that, the morphism $ being smooth and affine, 
the projection formula yields w.jV = w.w*(q\p*^) = w.Oy (g> q\p* ^ , where the tensor 
product is taken over Oy x v- It follows, that the action on {jT°m).Jfi of the Lie subalgebra 
Lie Ta C t^ ® t^ can be exponentiated to an action of the torus Ta. Therefore, we must have 
0i + 2 G Hom(T n , C*). This implies that there exists G t* such that 0i - 0, 2 + + 2p G 
Hom(Tn, C*) and, moreover, the weights + p and —(0 + 2p) + p are both regular. 

Next, we are going to apply the results of section [2~4l in a slightly different setting, where 
the variety G/U is replaced by Y, resp. B is replaced by B x B x V, and the map 7 is replaced 
by the map 7r°w. Theorem 12.4. 1 1 has an obvious analogue in this setting. Furthermore, we 
have shown that the object JV satisfies the assumptions of that analogue of Theorem 12.4. 1[ 
Thus, applying the corresponding version of part (i) of the theorem, we deduce that there 
exists an integer k G Z such that one has R k T(Y, ^V)( e ^ e ~ 2 P) ^ 0. 

Fix as above and let A = A(0) be the image of in t* /W. We may (and will) identify 
A(0) with a point in Spec 3 via the Harish-Chandra isomorphism. Then, according to MFG21 
formula (4.5.2)], which is based on MHK21 Theorem 1], one has a canonical isomorphism 

[R k T(Y, j^)f~6-2p) ^ [R k r(G xV,^)] im) . (2.6.2) 

We know, by our choice of 0, that the left hand side of this formula is nonzero. On the other 
hand, the variety G x V being affine, the right hand side of (J2.6.2|) vanishes for any k 7^ 0. 
Thus, we conclude that k must be equal to zero and, then, we get [T(G x V, J^)]^ e >> 7^ 0. 

To complete the proof of the implication (i) =>• (ii), it suffices to consider the case where 
^# is a nonzero simple ^-module. Assuming this, we will use the above to prove that 
the action of 3 C 9(G x V) on T(G x V, JC) is locally finite. Recall that © = Lie G and 
identify U{&) with the algebra of left-invariant differential operators on G. Then, one has a 
©-module isomorphism £F(G) = C[G] ®U{&). Therefore, we get a ©-module isomorphism 
9{G xV) = 3>(G) <g> &(V) = C[G] (W(6) ® 9>{V)), where the ©-action on the tensor factor 
@(V) is taken to be the trivial action. Thus, since ^# is simple, for any nonzero element 
m G T(G x V, J() we have 

T(G xyi) = 9{G xV)-m= [C[G] ® (W(©) ® @{V))] ■ m. 

We let E := (U(&) (g) 9>{V)) ■ m, which is a ©-stable subspace. We conclude that T(G x V, Ji) 
is isomorphic, as a ©-module, to a quotient of C [G] ® E. 

We now use the fact that there exists A G Spec 3 such that T(G x V, Ji) 1 ^ / 0. Thus, we 
may (and will) choose our nonzero element m so that {^\) k m = 0, for some k > 0. Then, 
since 3 <8> 1 is a central subalgebra of the algebra U ( © ) <g) &{V), we deduce that the ideal (3 a ) k 
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annihilates the ©-module E. On the other hand, the (S-action on C[G] is clearly locally finite. 
It follows, by a result due to Kostant ED, that the 3-action on T(G xl/,i)=C[G]8E is 
locally finite. 

2.7. Proof of the implication (ii) =>■ (i) of Theorem ll.2.41 Fix ^ such that both the 3-action 
and the //(<5)-action on T(G x V, J£) are locally finite. This implies that SS(^) C M ni |(G) 
and hence ^# is a holonomic ^-module. Moreover, it is G-monodromic by the last statement 
of Proposition l2.1.2T ii). Therefore, it remains to show that j% has regular singularities. By 
[FG2, Proposition 4.3.2(ii)], it suffices to show that q\p*^ has regular singularities. This 
amounts to proving that, for any j £ Z, the £Fy-module .jV^ = Jffi '{w* q\p* has regular 
singularities, c.f. (|2.6.1|) . 

To this end, we put Y := SL/U x SL/U xV. We equip Y with the SL-diagonal action "on 
the left" and with a (T n x T n )-action induced by the (T n x T n )-action on SL/U x SL/U on 
the right. Also, put X := (Lie C x ) 1 i 

Claim 2.7.1. For any k £ Z, the ^-module jV k is SL-equivariant. Moreover, the X-action on 
(it °vd).jY is locally finite. 

Proof. Observe first that the group SL is simply connected. Hence the locally finite sl-action 
on T(G x V, can be exponentiated to an algebraic SL-action. It follows that ^ is an 
SL-equivariant ^-module. This implies, by functoriality, that Jff k {m*q\p*J?) is a an SL- 
equivariant, ^-module. 

The second statement of the claim follows from Lemma r2.3.2r irQ. □ 

The proof of the implication (ii) (i) is now completed by the following claim. 

Claim 2.7.2. Let be an SL-equivariant, holonomic ^-module on Y such that the X-action 
on (<7r ° w).J^ is locally finite. Then, has regular singularities. 

Proof. Using that any holonomic module has finite length and that the direct image functor 
(ir°w). is exact on the category ^-modules, one reduces the claim to the special case of 
simple ^-modules. Hence, we will assume (as we may) that Jf? is simple. Thus is 
a holonomic, SL-equivariant simple Sly -module such that the action of the Lie algebra X 
on (7r°tz7).^ is locally finite. Therefore, applying an appropriate version of the Beilinson- 
Bernstein TheoremElHii), we deduce that there exists 6 £ X* such that T(Y, Jf)^ / 0. It 
follows that one can find a nonzero element u £ T(Y, Jif) such that one has a{u) = 0(a) • u 
for all a £ X*. The element u generates Jtf since is a simple module. Therefore we may 
apply Lemma [2.2.2r iii) and conclude that Jff is (C x x T n x T n , q)-monodromic where q is 
the image of G. 

Next, we may extend © to a linear function on (Lie G) x tn x tn that vanishes on the 
subalgebra s( C Lie G. Abusing notation, we write q for the analogue of the corresponding 
element for the group G x T n x T n . Combining the SL-equivariant and (C x x T n x T n , q)- 
monodromic structures on Jf? together makes Jtf 2 a (G x T n x T n , q)-monodromic ^y- 
module. The number of G x T n x T n -orbits on Y being finite, we conclude that Jf? has 
regular singularities, thanks to Lemma r2.2.2r ii). □ 

Corollary 2.7.3. The mirabolic Harish-Chandra V-module Q\^ c is a mirabolic ^-module. 

Proof. By Theorem II .2.41 it suffices to show that the action of 3 and //(g) on T(X,G\ C ) are 
both locally finite. The adjoint action of //(g) on @(3L) is locally finite, therefore it is clear 
that //(g) acts locally finitely on T(3C, Q\ >c )- 

To show that the action of 3 is locally finite on T(X, Q\ yC ), we let m be the canonical gen- 
erator of G\ tC . By definition, 3a ■ m = 0. Now one just repeats the argument in the proof of 
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the implication (i) => (ii) of Theorem ll.2.41 section 1231 based on Kostant's result BKol (with 
the section m replaced by m). □ 



2.8. Spectral decomposition. Theorem 11.2.41 implies, as in HGi3H and IIFG2L that there is 
a spectral decomposition of % '. Let Pq C t* be the root lattice of T n (thought of as the ab- 
stract torus associated with SL). We write W a g = Pq x W for the affine Weyl group. The 
weights of <3{3L) under the adjoint action of fi(in) are contained in Pq. Let j$ E ^ and 
M = ®\et* /w-^ t ne decomposition of M into generalized eigenspaces with respect to 
the action of 3- 

For any 9 G t*/W a fr we put J?(@) := Ae0 ^ (A) . This is a P-submodule of Jt. Let 
^(9) be the full subcategory of the category ^ formed by the mirabolic modules such 
that one has Jt (9) = .Jt . 

Remark 2.8.1. Note that Q\ c , the mirabolic Harish-Chandra D-module, is an object of cate- 
gory ^(9), where 9 is the image of A in t* /W a g and q = exp^y 7 — Tc). 

One has the following simple result whose proof is left to the reader. 

Proposition 2.8.2. We have ff q = ffieet*/w aff i- e - an y object ^ E ^ has a canonical 

V-module direct sum decomposition 

Moreover, for any pair 9, 9' G t* /W a ff such that 9 / 9', and any mirabolic modules <M G 
^(9) and G ^(9'), one to Hom c (^, J(') = 0. 

Remark 2.8.3. Using arguments analogous to those in IIGi3[ Remark 1.3.3], the last statement 
of the above proposition may be strengthened by showing that, with the same assumptions 
as above, one has Ext|,(^#, J%') = for all k > 0. 

3. A STRATIFICATION 

3.1. The following notation will be fixed, without further mention, throughout the article. 
We write Z(H) for the center of a group H. Let z±, Z2 G SL be semi-simple elements. Then 
L n = Zsh(zi),M n = Z^{z2) and L = Zg(zi), M = Zq{z2) denote Levi subgroups of SL and 
G respectively, with corresponding Lie algebras l n ,m n , I and m. The derived subgroups of 
L n and M n are denoted [L, L] and [M, M]. By T n we mean a maximal torus in SL and T will 
denote the corresponding torus in G. The symmetric group on n letters is denoted W. 

Given g G M n , write Zsh{g s ) for the centralizer in SL of the semi-simple part g S/ of the 
element g (note that Zsh(g s ) is connected). Let M° denote the Zariski open subset of M n 
formed by the elements g G M n , such that the group ZM n {g s ) is contained in M n . Let 
Z(M n )° = M° n Z(M n ). If M n is a proper subgroup of SL then Z(M n ) is a connected torus. 
The set Z(M n )° is an open dense subset of Z(M n ). Note that SL° = SL. Let U C SL be the 
unipotent variety, and let \J Mn := U n M n be the unipotent variety of the Levi subgroup 
M n . The group M acts diagonally on U A/ " x V with finitely many orbits. 

3.2. In the paper ]FG1| a stratification of the variety X is given (based on a stratification of 
slxV given in RGGt §4.2]). We recall this stratification now. The strata of the stratification are 
labeled by elements of the finite set of SL-conjugacy classes of pairs (M n , $1), where M n c SL 
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is a Levi subgroup and is an M-diagonal orbit in U n x V. Given such a pair (M n , Q), we 
define 

X(M n ,tt) := {(g,v) G SL x V \ (g,v) G G(z-u,v), for some z G Z(M n )°, (u, u) G fl}. 

Here and below, we write G(g,v) for the G-diagonal orbit of an element (g, v) G SL x V; 
we also use similar notation for M -diagonal orbits. In the extreme case M n = SL, we have 
Z(SL)° = Z(SL), is a finite set. In that case, the connected components of a stratum X(SL, Q) 
are labeled by the elements of Z(SL). Abusing notation, we regard each connected compo- 
nent as a separate stratum. This way, any stratum becomes a smooth, connected, locally- 
closed G-stable subvariety of X. 

Definition 3.2.1. A pair (g, v) G X, resp. the stratum X(M, Q) C X that contains a pair (g, v), 
is said to be relevant if dimZsiXfiO = n — 1 (i.e. g is regular) and, moreover, the subspace 
C[g]v C V has a g-stable complement. 

As shown in [Mc. Lemma 4.2.1], there is a natural parameterization of the relevant strata 
in X by bi-partitions of n. It is described as follows. Let g G SL. The action of g s on V defines 
a decomposition V = V\ ® . . . ® where, after replacing g by a conjugate if necessary, 
setting vi = dim Vi gives a partition v = (u\ > . . . > v^) of n. If (g, v) is a relevant pair then 
v = V\ + . . . + Vf. with Vi G Vi and either Vi = or C[g]vi = Vi. This dichotomy defines a 
bi-partition (A, fi) of n such that A + fj, = v. Note that, under this parameterization the Levi 
subgroup M n is specified up to conjugacy by the partition A + /j,. The stratum labeled by the 
pair (A, jj) is denoted X(X, fi). 

Proposition 3.2.2 ( |GG|I , Theorem 4.3). The conormal bundle to a stratum X(M n , Q) is contained 
in M n ii (SL) if and only ifX(M n , $7) is a relevant stratum. □ 

3.3. Let L n be a Levi subgroup of SL and write Xl„ = L n x V, X° Ln = L° n x V. The locally 
closed embedding of X° Ln in X is denoted by T. Later, we will use the following result. 

Lemma 3.3.1. For any Levi subgroup L n C SL, each stratum X(M n , fi) C X meets the set X° L 
transversely. 

Proof. Let l n = Lie L n/ and pick a point p := (g,i) £ ftD X° Ln . An element of the vector space 
T* X is a pair (Y, j) G si x V*. Write N p c si x V* for the conormal space at p to the stratum 

X(M n ,n). 

The conormal space to X° Ln at p equals l„ x {0} C si x V*. Thus, the statement of the 
lemma amounts to the claim that N p n([^x{0})=0. Equivalently, we must prove that, the 
only element Y G such that (Y, 0) G N p , is the element Y = 0. 

To prove the latter claim, let 3 mn be the centre of the Lie algebra m n = Lie M n . According 
to (fLT2l we have N p = (3^ x V*) n /J,~ l (0), where fJ,(Y,j) = g ■ Y ■ g~ l - Y + i ® j. This 
way, we are reduced to showing that, for a point of the form (Y, 0) G si x {0}, we have 

YG^n 3 i n and g-Y-g~ 1 -Y = => Y = 0. (3.3.2) 

To see this, write g = z ■ u, where z G Z(M n )°, and u G M n is a unipotent element. 
Observe that $ g i(z), the centralizer of z in s[, equals m n . Further, since g G L° nl we also have 
z G L°. We deduce m n = i s \{z) C l n - Hence, we have Y G C m„. It is also clear that 
^ £ ls\{g) C 3s[(-z) = tri n . Therefore, the conditions on Y imposed on the left hand side of 
l|3~32)) imply that Y G ^ n 3^(5) C n m n = 0, and ((3A2)) is proved. □ 
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3.4. Fix a proper Levi subgroup L n of SL. Let X(L n ) = Uq X(L n , U), where the union is 
over all L-orbits in U L " x V. The boundary X{L n ) \ X(L n ) is denoted dX(L n ). 

Lemma 3.4.1. One has X(L n )nX° Ln = Z(L n )° x U L " x V. 

Proof. Let Y be the union of all strata X(M n ,Q) such that M n is conjugate to some Levi 
subgroup of SL containing L n . The set X(L n ) is contained in Y. If g ■ (z ■ u, v) belongs to the 
intersection X(M n , f2) n X° Ln for some Levi subgroup M n of SL, then gzug~~ x G L° and hence 
G (g" 1 • L n )°. By definition, this means that Zsl{z) C g" 1 • L n . However, z G Z(M n )° 
which means that ^sl(^) = M n . Thus 5 • M n C L n . Therefore we have shown that 

I(LJn^ = l L „nL>F. 

Finally, let g ■ (zu, v) G X(L n , $7) n (L° x V) for some fi. Since gzug~ l G L°, the element / := 
gzg^ 1 is contained in L° n too. Hence z = g^ 1 ■ I G Z(L n )°. This implies that Zshig^ 1 -l) = L n 
and hence ^sl(0 = 9 ■ L n . However, Zsh(l) = L n implies that g G N^{L n ) and thus 
g ■ Z(L n ) = Z(L n ). Therefore I G Z(L n )° as required. □ 

4. Cuspidal ^-modules 

In this section we define and classify the cuspidal mirabolic modules on f° r L n a 

Levi subgroup of SL. As in the classical case, IL1I , there are relatively few Levi subgroups 
that support cuspidal mirabolic modules. 



4.1. The centre Z(SL) of the group SL is a cyclic group, the group of scalar matrices of the 
form z ■ Id, where z G C is an n-th root of unity. Let j : U rcg > U be the open embedding 
of the conjugacy class formed by the regular unipotent elements. The fundamental group of 
U rcg may be identified canonically with Z(SL). For each integer r = 0, 1, . . . , n — 1, there is 
a group homomorphism Z(SL) — > C x given by z ■ Id i-> z r , and a corresponding rank one 

SL-equi variant local system L r on U reg with monodromy 6 = exp y 2?rv ^ r J ■ 

From now on, we assume that (r, n) = 1, ie. that 9 is a primitive n-th root of unity. Then 
the local system L r is known to be clean, that is, for ^-modules on SL, one has, c.f. |L2| : 

J\\-r J!*U -t J*Lr- 

Given a central element z G Z(SL), we have the conjugacy class zU rcg , and we let zJz? r := 
zj\L r denote the corresponding translated ^-module supported on the closure of zU rcg . 
According to Lusztig BL2I , zj\L r is a cuspidal mirabolic ^-module on SL. 



4.2. Let H be an arbitrary reductive subgroup of G and f) = Lie H. By restricting the trace 
form on g to t), we identify f) with its dual. Write /x# : T*{H x V) — > f} for the moment map 
of the Hamiltonian action of H on T* (H x V). Then, the variety 

Mnii(fT) := {x = (9,y,!,j)elfxf)x^xl/* fi(x) = and F nilpotent.}, (4.2.1) 

is a Lagrangian subvariety inHxfyxVxV*. Each Levi subgroup M n of [L, L] and M -orbit 
Q in U A/n x V defines a stratum 3£r i) n (M n , $7) of jE>£ l i . The set of all strata forms a partition 
of X\l n- Since [L, L] is a product of special linear groups, IIGGl Theorem 4.4.2] implies that 

Lemma 4.2.2. We have 

M nil ([L,L])= \J T* [LL]{Mn>n) X [L , L] , 
(M n ,Q) 
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where the union is over all L n -conjugacy classes of Levi subgroup M n of L n and relevant M -orbits 
U in U M " x V. 

Definition 4.2.3. An L n -equivariant, regular holonomic ^-module on Xyi n with support 
in ut L ' L l x V and characteristic variety contained in M n ii([L, L\) is called an L n -cuspidal 
mirabolic module. 



4.3. The Levi subgroups of SL n are parameterized up to conjugation by partitions of n (we 
say that L n is a Levi of type A h n). Recall that a partition of n is a multiset {{Ai, . . ., X s }} of 
positive integers such that J2t=i = n - However, we will think of a partition as being an 
ordered tuple of positive integers (Ai, . . ., A s ) such that Ai > • • • > A s > 0. Clearly the two 
notions are equivalent but the second will be more convinient when dealing with signed 
partitions. The set of all relevant strata in is labeled by the set of all bi-partitions 

( M ,i/) = (( Ai C 1 ), I /W),... I ( Ai W, I /W)) 

of A, where each , i/W ) a bi-partition of \. The relevant strata contained in \J^ L ^ x V axe 
labeled by those bi-partitions (/n, v) such that each (jtiW, i/M) is either of the form ((Ai), 0) or 
(0,(A i ))- 

Definition 4.3.1. A signed partition of n, X ± h n is a partition (Ai, . . ., X s ) of n such that 
each A, is assigned a sign sgn(Aj) G {+, — }. If A is a signed partition then A + is the tuple 
(Xf, . . ., A+) such that Xf = Aj if sgn(Aj) = + and A^~ = otherwise. The tuple A~ is defined 
similarly. We write X^ 1 = (A + , A - ). 

Thus the relevant strata contained in U^ L ' L ^ x V can be labeled X[^ ^](A =t ), by signed 
partitions whose underlying partition is A. The following signed partitions will play an 
important role in the classification of L n -cuspidal sheaves. Choose 2 < m < n and u,v,w S 
No such that n = (u + v)m + w. Let A be the partition {m u+v ', l w ) of n. We associate to A the 
signed partitions A ± (u; v, w) = (X + (v , w) , X~ (u)) , where X + (v,w) is a tuple with i; entries 
equal to m, w equal to 1 and the other u are (hence A - (it) has u entries equal to m and all 
other entries are zero). There are ( u ^ v ) such signed partitions. 

4.4. Given t G C/Z, define the simple £Fc -m odule g t to be the minimal extension of the 
local system on C x with monodromy 9 = exp(2TT\/— It). If L is of type (m u+v , V"), then 

the center of L defines a canonical decomposition V = Vm^ u+V ^ © C w , where V m C V is 
m-dimensional. For each < r < m — 1 with (r, m) = 1, we define the &x [L L] -module 

^(r,u,v,w) := [{^ r mC[V m ]f v ] H fei^-^] H [(jSf P S ^ m ) Hu ] . (4.4.1) 

Its support is the closure of a relevant stratum labeled by a signed partition of the type 

A^u; v, w). 

Proposition 4.4.2. Let L n / T n be a Levi subgroup of SL of type AC/ (l n )). 

(1) if A = (m u+v , l w ) for some 2 < m < n and X ± (u;v,w) is some signing of X, then, 
for each < r < m — 1 with (r, m) = 1, the ^-module ^#(r, u, «, w) is a simple, Ln- 
cuspidal mirabolic module whose support is the closure of X^^(X ± {u;v 1 w)). Up to iso- 
morphism, these are all simple, L n -cuspidal mirabolic modules whose support is the closure 
o/^[L,L](A ± ('u;t;, w)). 

(2) For any other signed partition X ± , there are no simple, L n -cuspidal mirabolic modules whose 
support is the closure ofXt L ^(X ± ). 
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The classif cation when L n = T n is a torus is slightly different. It is given in (|4.5|) . 

Proof. We begin by fixing some G-orbits in U x V . Firstly, there is the unique open, dense 
orbit, which we denote O (0) . Then there is the orbit (1) = U rcg x {0} C U x {0}. Finally, 
we let G)( 2 ) be the G-orbit consisting of all pairs (X, v) such that X G U rcg and v € lm(X — 
1) \ lm(X - l) 2 . It is the unique codimension one G-orbit in the closure of O^- K 
Fix a signing (A + , A - ) of A. Without loss of generality we may assume that 

A + = (Ai, . . ., A fe ,0, . . .,0), A" = (0, . . .,0,/Ui, . . .,fii), 

where, for clarity, we have set Hi = Xi+k- Let k = v + w such that A; = 1 if and only if 
v + 1 < i < k and u < I such that fij = 1 if and only if u + 1 < i < I. 
The relevant stratum in U^'^ x V labeled by X^ is the L-orbit 

O a ± = Ol 0) x • • • x Ol 0) x 0$ x • • • x OW. 

If there exists a simple, L n -cuspidal mirabolic module ^ supported on the closure of the 
stratum X^n^X^) then, since the orbit O a ± is a dense, open subset of the smooth locus of 
this closure, j% will be the minimal extension of some simple, L n -equivariant local system 
on ©a±- Since the fundamental group of is Z and the fundamental group of is Z n , 
the fundamental group of O a ± is Z fc x Jl!=i F° r each 1 < i < v, swapping the orbit 
for we get a L-orbit O a ±. It is a codimension one orbit in Q A ±. Let 6 = (6\, 4>\, </> M ) 
be our choice of local system on O a ±, where 6\ is the local system on x • • • x 
4>\ the local system on O^ ^ x • • • x and similarly for fi. Note that = {0} for 
i > u and hence is the trivial local system on a point. The Lagrangian T* w 3C[l,l] is n °t a 



component of M n n([L, L]) because 0,± is not a relevant stratum. Therefore the monodromy 
around the divisor D A ±, which is given by (0\)i ' , must be trivial i.e. (^a)^ = 1- Also, taking 
monodromy around lines in V£. is given by (6\)^ = 1. Therefore if we define 

07± = ( , 1} x • • • x x O ( . 0) x • • • x <0>1 0) x Of, 1 ) x • • • x O^. 

Ai An A„+l Afc Ml /i; 

then we see that 9 is the pullback, via the natural projection O a ± — > Q A ± of a local system rj 
on © A ± . This implies that 

iLi(^ Ai bcm] h [^=1^] * [^=i(^ Mj . Bfy.)] b [ett^ 

If ^# is a mirabolic 5?-module then it is L n -equivariant. Therefore r/ must be an L„-equivariant 
local system. Choose some x £ Q A ± . The local system r] must come from a representation of 
the group 

StabL n (x)/Stab Ln (x) ~ Stab z(Ln) (x)/Stab z(Ln) (x)° ~ Z m , 

where m is the greatest common divisor of Ai, . . ., A„, /xi, . . ., fn. However, for ^# to be a 
mirabolic module, it must have the correct characteristic variety. In particular, this implies 
that each Jz?# A and J^ M . must be a cuspidal mirabolic module for SL^^) and SX(V^.) re- 
spectively. As explained in section |4~T1 this is equivalent to requiring that the restrictions 6\ i 
and of r], to the centers Za ; of 5L(VaJ and Z^ of 5'L(V^ J .) must be primitive represen- 
tations. Thus, Aj and fij divide to. Hence we find that Aj = fj,j = m for all 1 < i < v and 
1 < J < i. Moreover, thinking of r\ as an integer < t) < m — 1, it must be coprime to to. 
Note also that this shows that if I > u then to = 1 and v = (l n ), contradicting our initial 
assumptions. Thus I = u. 
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Finally, for u+1 < i < k, we must calculate the monodromy of 77 along a loop in O^. ~ C x 
in order to determine the monodromy 0^.. But it follows from the identification of 717 (L) = 
712^ V x 7L W that 6\ i is the representation Z — > Z m — > C x which, identifying Z m with the m-th 
roots of unity in C x , is given by z 1— > z r . See the proof of Corollary 14.6. 1 1 for details. □ 

4.5. When L n = T n is a maximal torus inside SL, we have XJ T ™ x V = V and the relevant 
strata, again labeled by signings of (l n ), are precisely the T-orbits in V. The T n -cuspidal 
mirabolic modules are those T„-equivariant, regular holonomic ^y-modules whose charac- 
teristic variety is contained in 

M ni i([r n ,r n ]) = e v x v* 1 it -j t = 0, vt = 1, . . .,«}. 

Denote by 0^ the simple local system on T which is obtain from pulling back along the map 
det : T — > C x the rank one local system on C x with monodromy q. 

Lemma 4.5.1. The T n -equivariant, simple local systems on T are precisely the modules Of,, q G C x . 

Proof. Let a : T n x T — > T be the action map, a(ii,t2) = £1*2- Then a defines a morphism 
of groups a* : 7Ti(T n x T) — > ni(T) and, via the embedding 7 h-> (7, 1), a morphism a* : 
7Ti(r n ) — > vti(T). This is injective and its image consists of all "loops of determinant one" 
i.e. it is the subgroup IT 1 " 1 = {d G Z n | J2i di = 0} 01 Thus, if L is a T n -equivariant 
local system on T then it corresponds to a representation of Z n on which the subgroup Z n_1 
acts trivially. The simple local systems having this property are precisely the modules Oj, 
described in the statement of the lemma. □ 

There is a unique open T-orbit in V. It is a free T-orbit and choosing a base point in that 
orbit gives an open embedding j : T V. 

Proposition 4.5.2. The simple T n -cuspidal mirabolic modules on V are: 

^(q):=j^O^,yq€C x , and also JK(k) := C[V k ] H£y n _ fc , V0<fc<n-1, 
where dim Vk = k. 

Proof. Assume that n > 2. Let ^# be a simple mirabolic module supported on the closure 
of a stratum of type (X(k), fi(n — k)), where k 7^ n. Then this stratum is a T n -orbit O C V. 
Since n > 2, the group T is connected and the stabilizer of a point v G O is a connected 
subgroup of T n . Therefore the only simple T„-equivariant local system on O is the trivial 
local system. Its minimal extension to V is This ^-module is a mirabolic ^-module. 

Now assume that O = T is the open stratum. Then Lemma 14.5.11 implies that M = ju 0\, 
for some q G C x . If n = 2 then V is partitioned into two strata, {0} and its complement. In 
this case the claim is clear. □ 

4.6. In all cases, the simple L n -cuspidal mirabolic sheaves supported on 

\J\L,L] x y have a 

natural L-monodromic structure. 

Corollary 4.6.1. (i) The ^-module ^(r,u,v,w) defined in (14.4.11 ) is (L , q)-monodromic, where 
<? = exp(^). 

(ii) The Sly-modules J%{k) are T-equivariant and *4%{q) is (T, q)-monodromic. 

Proof. We explain the L-monodromic structure on the module ^#(r, u, v, w); statement (ii) is 
straight-forward. Recall that ^#(r, u, v, w) is the minimal extension of a local system Lq 
defined on the orbit 0^± . This local system is, in turn, the pull-back of a local system L n 

on O := 0_x±. The spaces O a ± and O are L-orbits such that the projection O a ± -» O is 
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equivariant. Therefore, if L r/ has the structure of a (L, g)-monodromic i^-module for some 
q it follows by functorality, Proposition 12. 1.21 that both Lq and ^#(r, u, v, w) are also (L, q)- 
monodromic. 

Let a : L x O — > O be the action map. Choose x G O and let 6 : L — > O be defined by 
g i-)- g ■ x. This induces a group homomorphism 6* : %i(L) — ► tti(O). Since is a simple 
local system and L is connected, a*L v is a simple local system on L x O. Since the rank of L r; 
is one, the local system a*L v is isomorphic to L' ML V , where L' ~ b*L v . 

Let p = u + v + w. We have 



ii(g = {(a I )eZ ! '| a 4 = o}, tti(L) 



7n(o) = z^x 



The image of 7ri(L n ) in tti(O) equals {(oj) G Z£+ u x £\ a; = OinZ m } so that the 

quotient of 7Ti(0) by Im (iri(L n )) is isomorphic to Z m . Recall that 77 is the representation of 
Z m defined by z • Id H> z r . Therefore the representation of 7ri(L) corresponding to the local 
system L,, is 

7T!(L) — > 7Ti(0)/Im (TT!^)) ~ Z m C x 

which, under the convention (|2.2.3|) , is given by exp(^-^p^). □ 

5. Reduction to a Levi 

5.1. Recall from section[3]the subsets X(L n ) and dX(L n ) of X associated to the Levi L n . We 
denote by ^(L n ) and r r?(dL n ) the full subcategories of c tf consisting of modules supported on 
X(L n ) and dX(L n ) respectively. Let j be the locally closed embedding Z(L n )° x 
Define the reduction functor to be the right exact, underived, functor 

Redf^ := j* : %-mod -> % (in) o x% £] -mod. 

We denote by 3[l,l] the subalgebra of bi-invariant (with respect to the adjoint action of [L, L] 
on itself) differential operators in @([L, L)). Let q : ®{[L, L]) ->■ ^(Z(L„) x be the 

natural embedding. 

Definition 5.1.1. A regular holonomic ^-module on Z(L n )° x 3C[l,l] is sa id to be a 
mirabolic module if: 

(1) is L-monodromic and -/VsiX-^rO-equivariant. 

(2) The action of ?(3[l li) on T(Z(L„)° x .1' / / . . //) is locally finite. 

The category of mirabolic modules on Z(L n )° x is denoted The full subcate- 

gory of (L, g)-monodromic ^-modules is denoted ^L n ,q- 

Theorem 5.1.2. The reduction functor restricts to a functor Red|^ : ff q (L n ) — > ^L n ,q satisfying: 

(1) Red|^ is exact and commutes with Verdier duality. 

(2) The kernel o/Redf^ is %(dL n ). 

(3) The functor Red|^ preserves semi-simplicity. 

Proof. Recall from section [3] that T is the embedding X° L <— > X. It is an A^c(L)-equivariant 
morphism. The variety Y := Z(L n )° x U L " x V is a closed subspace of both X° L and 
Z(L n )° x Xu n, which are open subsets of Xl u ■ Therefore Kashiwara s Theorem implies that 
the category of coherent -modules supported on Y can be canonically identified with 
the category of coherent @z(L n )°xXr L L] -modules supported on Y. Let ~# G ^(L n ). Then 
Lemma [3.3.11 implies that is non-characteristic for T and hence T* : ^(L n ) —> -mod 

is exact. Lemma [3.4.11 implies that T*(^#) is supported on Y. Therefore we may identify 

22 



Red^ with T*, which implies that it is exact. It also implies that Red^ n commutes with 
Verdier duality, IHTTl Theorem 2.7.1]. 

If Jl G ^(L n ) then we will show that SS(T*(„#)) is contained in M nM (L°) (as defined in 
E0}). By EEiJ Theorem 2.7.1], we need to show that p T (wY 1 (M„ il (SL))) C M nM (L°). Since 
l n , the Lie algebra of L n , is reductive, we may decompose g = \ n © as a ad ([„) -module. 
Let 

Yji,j) G ^^MniKSL)) = M ni ,(SL) n (L° x x V x V*). 

Then Y = Yq + Y\ with Yo G tn and Y\ G [„. The map px is just the projection of F onto Yb- 
Since g G L n , decomposing i = i 1 + ... + i k and j = ji + . . . + jfc with i m G F m , j m G V^, we 
have 

fe 

^Y^T 1 -Y + ioj = =>- gYog- 1 -Y +J2i m oj m = 0. 

m=l 

Therefore we just need to show that Y" is nilpotent. Write g = ux with u G Z{L n )° and 
x G U Ln . The adjoint action of u on g defines a decomposition g = a6C g a , where X G 
g a iff uXvT 1 = aX. Then \ n = go, Y = J2a&c ar »d there exists a polynomial p such 
that p(Ad u )(Y) = Yq. Since (g,Y,i,j) G M n ii(SL), there exists a complete flag in V that is 
stabilized by g and V, MEGt Lemma 12.7]. The semi-simple part u of g will also stabilize this 
flag. Therefore p(Ad u )(Y) = Yq implies that Yq acts nilpotently on this flag and hence is a 
nilpotent matrix. Thus (g,Yo,i,j) G M n n(L°). The fact that this implies that the action of 
?(3[l,l]) on L(Z(L n )° x £r L n, Redf^(^)) is locally finite now follows from Lemma [5.1. 31 
(ii) below. □ 

The following simple observation is very useful. 

Lemma 5.1.3. Let Ji be a simple, regular holonomic, (L, q)-monodromic S>-module on Z(L n )° x 
3£\l,lY We assume that the support of ' j$ is contained in Z(L n )° x \jl L < L } x V and its characteristic 
variety is contained in M n ii(Z(L n )° x [L, L]). 

(i) There exists a local system L on Z(L n )° and simple S>-module jV on suc h that M ~ 
L IE1 jY . 

(ii) The action o/c(3[i,i]) on F(Z(L n )° x .\' / / ..//) is locally finite. 
Proof, (i) Note that 

M M (Z(L n )° x [L,L]) = (T* {Ln)0 Z(L n )°) x M ni ,([L,L]). 

Therefore the support of M equals Z(L n )° x S, where S is the closure of some relevant 
stratum in \J^ L ' L ^ x V. This relevant stratum O is an L-orbit. Since L is connected, S is 
irreducible. There is some open subset U of Z{L n )° x O and simple, L n -equivariant local 
system M on U such that jtft = IC(U, M). The set U is necessarily L-stable. Choose some 
(z, x) G U. Then Z(L n )° x {x} D U is open and non-empty, hence dense, in Z(L n )° and thus 
equals U x x {x} for some open subset U x of Z(L n )°. This implies that 

L ■ (U x x {x}) ^.xO 

is contained in [7. The closure of U x x O equals Z(L n )° x S, hence, if M' is the restriction of M 
to U x x O, one has ^ = 1C(U X x O, M'). The local system M' is an irreducible representation 
of tti(U x ) x 7Ti(0) and hence is isomorphic to L' IE] N. Thus 

Jt = IC(U X x O, M') ~ IC(U X , L') m IC(0, N). 

The constraints on the characteristic variety of ^ imply that L = IC(U X , L') is a local system. 
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(ii) The module M has finite length. Therefore, by induction on length, it suffices to 
assume that j% is simple. By part (i) , such a simple module is isomorphic to YM,jY , for some 
local system L on Z(L n )° and simple £F-module .jV . Then one can see, either directly from 
the classification of L n -cuspidal mirabolic modules, or from the fact that [L, L] is a product 
of SL m 's and applying Theorem ll.2.4[ that 3[l,l] ac ^s locally finitely on T(3£r i) n , jV). □ 

We are now in a position to prove Proposition ll.4.ll 

Proof of Proposition \1.4.1\ Assume that we are given a simple mirabolic module j$ G ^ such 
that Supp j$ n X rcg = 0. Choose a proper Levi subgroup L n of SL and relevant stratum 
j£(L n ,0), whose closure is Supp^#. Then Red|^(^#) is a non-zero mirabolic module on 
Z(L n )° x X[l ,L] with support in Z(L n )° x ul L ' L l x V. Let r yVbea simple, (L, g)-monodromic 
submodule of Red|^ {yM~). By Lemma r5.1.3l jV is isomorphic to YM,jV' for some simple local 
system L on Z(L n )° and (L, q)-monodromic, L n -cuspidal mirabolic module on U^'^ x V. 
Corollary 14.6.11 implies that either L n , Q and q are as in (2) or as in (3) of the statement of 
PropositionOU □ 

5.2. In order to use the reduction functor to study the Harish-Chandra ^-module, we need 
to understand how it relates to taking invariants. 

Proposition 5.2.1. Let M be a simple mirabolic module whose support is X(L n ,Q). Then the 
following natural map is an embedding: 

F(X, JZf h -»• T{X° Ln , T*JZ) Ns ^ L ^ (5.2.2) 

Proof. Consider the standard diagram 

X° L AZ:=GxI°, G x Ns ^ Ln) X° L -A X. 

±j n _u n u n 

where p([g,x]) = g • x and j(v) = (e, v). The image of p is a (non-affine) open subset W of 
X. Since is simple, Suppm = Supp^# for all non-zero sections m G T(X,^). There- 
fore, since W n X(L, Q) / 0, the natural map T(X, Jt) ->■ T(W, Jfc) is an embedding (its 
kernel consists of all section with support in the complement of W). Hence T(X, ^#) SL > 
T(W, ^#) SL . Now take a non-zero section m G L(W, ^#) SL . We wish to show that p*m is a 
non-zero section of T(Z,p*^)). 

Since the map p is not finite, we must take some care. As shown in Lemma r5.2.3l below, p is 
locally strongly etale. Therefore there exists an affine open, SL-saturated, covering {Wi}jg/ 
of W such that {U = p -1 (Wj)}jej is an affine open, SL-saturated, covering of Z and U ~ 
Ui/ /SL ><Wi//SL Wi for all i. The section m may be written m = (mi, . . •, m^), where irij is 
the image of m in r(Wj, ./#). Since each Wj is open in X, either the restriction of M to Wi 
is simple or is zero. Either way, we may assume that rrii generates j$\wi for all i. Hence 
p*^\\Vi = • p*vn,{. The restriction of p to each Ui is a finite morphism. Therefore C[Ui\ is 
a locally free C[Wj]-module and ^\w t / implies that p*j%\w i / 0. Hence rrii ^ implies 
that p*mj 7^ and we have shown that p*m is a non-zero section of p*^ (which actually 
locally generates the module). 

Since N^(L n ) acts freely on SL x X° L , 7r*(p*^#) is a SL x A^sL(-^n)-equivariant, coherent 
^-module on SL x X° Ln . Since the map it* is smooth (and hence faithfully flat), the £F-module 
on SL x X° L generated by (p o 7r)*m is a non-zero, SL x A r sL(-^n)-equivariant submodule of 
7r*(p*^#). In particular, (p o ir)*m is a non-zero, SL x A r sL(-L n )-invariant global section of 
7T* (p*^). The proposition will follow from the fact that 

T(X° Ln ,T*^) Ns ^ L ^ = T(SL x Xl n ,TV*(p*^)) Nsh< ~ Ln)xSh . 
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Since T = p o n o j is A r sL(-^n)-equivariant / it suffices to show that 

r(r Ln ,T*.40 = r(SL x X£ n ,7r*(p*^f)) SL . 

Let a : SL x X — > X be the action map. Then p o 7r = a o (id x T) and hence 

7r*(p*.^f ) = (Id x T)*{a*Jt) ~ (Id x T)*(O sl B ~ Osl B T*^. 

The isomorphism a*^# ~ 0sl B makes Osl B into a SL-equivariant ^-module on 
SL x X, where the action of SL on X is trivial. Hence 

T(SL x X2 n ,7T*(p*^)) SL ~ T(SL x X° Ln ,0 SL MT*^f L 

= T(SL,0 Sh ) Sh ®T(X° Ln ,?*^) 

as required. □ 

For the definition of strongly etale used in the lemma below, we refer the reader to ILunl . 
By locally strongly etale, we mean that for each point x in SL x Nsij ( Ln > X° L , there exists an 
affine, SL-saturated open neighborhood of x in such that the restriction of p to this neigh- 
borhood is etale. 

Lemma 5.2.3. The morphism p : SL (locally) strongly etale. 

Proof. Let Z = SL x^t^) X° Ln . Let us first show that it is etale. For all (x,v) £ X° Ln , 
g ■ (x,v) = (x,v) implies that g £ L C A^ SL (L n ). Therefore p is quasi-finite; it will be 
etale if its differential is everywhere surjective. It suffices to show that the differential of 
q = p o 7r : SL x X° L — > X is surjective. If we identify q with left invariant vector fields on G, 
then for g £ SL, I £ L° and v £ V, 

d( g ,i,v)Q ■ ( x , V, w) h-> (gycT 1 + g[X, l]g~ x , + X(t>)). 

This is surjective: one can check this at 5 = e. 

Next we show that it is locally strongly etale. Since both domain and image of p are 
smooth varieties, ILunl Lemme Fondamental] says that it suffices to check that, for each 
x £ Z such that SL • x is closed we have p(SL • x) is closed in X and pjsL a; 

is injective. The 

closed orbits of SL in Z are all of the form SL • (1, z, 0), where z £ L° n C\ SL SS (here SL SS is 
the set of all semi-simple elements in SL). Since the orbit of (g • z, 0) is closed in X for any 
g £ SL, p(SL • x) is closed in X. Now assume that (g, n • z, 0) is mapped to (2, 0) under p. 
Then (gn) ■ z = z and hence gn £ Zsi(z). Since z £ L° n this implies that gn £ L n and hence 
(g, n ■ z, 0) = (1, gn ■ z, 0) = (1, z, 0). Thusp|sL-x is injective. □ 

6. The functor of Hamiltonian reduction 

6.1. Recall that HK lg (SL) denotes the trigonometric Cherednik algebra of type SL, as de- 
fined in £18.11 and U K = eHre lg (SL)e is the corresponding spherical subalgebra. As in £18.11 
by using the Dunkl embedding, we think of U K as subalgebra of the simple ring U reg = 
2t((T n ) reg ) w . The algebra U K has two obvious commutative subalgebras: the subalgebra 
CfTn]^ 7 of IL^-invariant regular functions on T n , and the subalgebra (Symt^)^. 

The algebra U K is noetherian and we let U K -mod denote the abelian category of finitely gen- 
erated left U K -modules. In this paper, we will also consider the following full subcategories 
of the category U re -mod: 

• Category (U re : C[T n ] M/ )-mod, whose objects are U K -modules which are finitely gen- 
erated over the subalgebra Cfiy 1 ^ cU K . 

• Category O k , whose objects are finitely generated U K -modules, such that the action 
oi<£.[tn} w is locally finite. 
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The fact that the natural map [T*(T n )]/W -» T n /W x t n /W is a finite morphism implies 
that O k is a full subcategory of (U K : C[T n ] w )-mod. As in (|2.8|) , we also have a spectral 
decomposition, c.f. IWI , 

K = K <9>. 

eet*/W aff 

Recall from section [T] that g c = (/i — cTr)(g), D = £)(3L) and k = — c + 1 . We consider the left 
P-module V/V ■ g c , resp. the right P-module V/q c V. According to IIGGL the space V/V ■ g c 
has the natural structure of a (weakly) G-equivariant (V, U K )-bimodule. Similarly the space 
V/g c V has the natural structure of a (weakly) G-equivariant (U K , £>)-bimodule. One has an 
(infinite) direct sum decomposition 

V/ScV = CTeIrrG (V/ Qc V)^ (6.1.1) 

into G-isotypic components. The left U K -action on V/q c V commutes with the G-action. 
Hence, each isotypic component is U K -stable. Moreover, each isotypic component is a finitely 
generated U K -module. This follows from the fact that the associated graded of V /q c V with 
respect to the order filtration is a finitely generated C[T*X] -module and hence, by Hilbert's 
Theorem MKrat Zusatz 3.2], each isotypic component 

gv[(V/ 3c V)^) = [gr(V/ 9c V)]^ 

is a finitely generated gi[(V / g c V) G ] = gr U K -module. 

The functor of Hamiltonian reduction H c : (V, G, q)-mon — > U K -mod is defined by 

M c (^) = {m G T(X, Jf)\ u ■ m = cTr(u)m, V u G g} 

Next, using the fact that the adjoint action of //(g) on V/Vq c and V/$ C V, we introduce a 
pair of functors U K -mod — > (V, G)-mon as follows 

^M(E) := V/V Qc (g) UK E, 

^(E) := CTeIrrG Hom UK ((P/ 0c P)W, £). 

It is clear that the functor <W is right exact and the functor HF is left exact. 

Lemma 6.1.2. (i) The functor z's a /ef£ adjoint, resp. is a right adjoint, of the functor M c . Each 
of the canonical adjunctions H c o ^M(E) —?■ E and E — > H c o M^(E) is an isomorphisms. 

(ii) For any E G U-mod, the module ^(E) has no quotient modules, resp. Ht /zas no submodules, 
annihilated by H c . 

Proof. For any (G, g^-monodromic P-module Proposition 12.1.21 implies that one has a 
canonical isomorphism j$ /g c ^- Therefore, for each .M G (V, G, <7)-mon, we obtain 

Bom UK (M c (^£),E) = Hom U( ,(^/flc^,J5) 

= Hom Uft (P/g c £> 0© .#,£) = Homp^, Hom UK (£>/g c £>,£)). 

Let / : ^# — > Hom.u K (V/g c V,E) be a £F-module morphism. The G-action on j$ being 
locally finite, any element m G ^ is contained in a /ira'fe sum of G-isotypic components. 
Hence, f(m) is also contained in a finite sum of G-isotypic components. It follows that the 
morphism / factors through a map M — > CTe i rr G ^om\j K {(V / Q c V)^ a \ E). Thus, Hit is a 
right adjoint of H c . Furthermore, we clearly have 

H c (Ht(E)) = [e CTeIrrG Hom UK ((P/g c P)M, £)] G 

= Hom U(t ((V/ Qc V) G , E) = Hom UK (U K , E) = E. 
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This proves the statements in (i) concerning the functor HF. 
Now, let ^# be a module annihilated by H c . We get 

Rom v (^,W\E)) = Homu K (H c (.#),£) = 0. 

We deduce that M^(E) can not have a submodule annihilated by M c . This proves (ii) for M^. 
The statements concerning the functor 'H are proved similarly. □ 

Remark 6.1.3. We expect, but can not prove, that M^E) is a coherent P-module, for any 
finitely generated U K -module E. Furthermore, it is likely that, for E = U K a rank one free 
module, one has Ht(U«) =V/V 8c . 

Recall from (|1.2.2[) the Lagrangian subvariety M n n of T* X. To state our next result, we need 
to introduce the category (V, M n ii)-mod, whose objects are coherent P-modules ^ such that 
SS(^) C M n i|. Any object M G (V, M n ii)-mod is a G-monodromic, holonomic ^-module. 
Such a module is a mirabolic ^-module if and only if it has regular singularities. Thus, one 
has a strict inclusion ^ C (V, M n n)-mod. 

Proposition 6.1.4. The functors (^H, H) induce the following pairs of adjoint functors 
(1) (P,M ni |)-mod ^ (U K : C[T n ]^)-mod (2) %(Q) ^± O k (Q), V9Gt;/W aff . 

tH tn 

Proof. For the left pair above, the result was proved in the course of the proof of IIFG1L 
Proposition 4.6.2 (although part (ii) of that proposition, claiming that the functor *W sends 
category 0(A K ^) to ^/, jC , is incorrect, as stated). 

Recall next that the radial parts homomorphism !tR : V G — > U K of Theorem 18.2.11 yields 
an algebra isomorphism 3 -> (Symt™) 1 ^. This result, combined with Theorem ll.2.4[ implies 
that the functor H c sends the category ^(9) to category O k (Q). 

For N G N, let G\J be the generalized Harish-Chandra ^-module, where we quotient out by 
3^ instead of 3a- The module Q^J has a finite filtration whose subquotients are quotients 
of G x ,c- Thus, Corollary|2Z3implies that g[ N J G %{&), where 9 is the image of A in t* n /W aS . 
Let M G O k have generators mi, . . ., m& say. Then *W(M) is generated by 1 mi, . . ., 1 ® 
say. For each i, arguing as in the proof of Corollary 12.7.31 one can find \ G t* and N » 

such that g[ N J -» V ■ (1 ® m<). Thus, te(Af) belongs to ^. Moreover, if M G 0^(9), then 
the image of Aj in f£/Waff wm equal 6 for all i. This proves the second statement. □ 

Remark 6.1.5. It is straight-forward to see that, for E G K , the 3-action on T${E) is also 
locally finite. 

For any E G U K -mod, there is a canonical vector space embedding 

i: £ = Hom UK (U K ,£) = Rom UK ((V/ Qc V) triv , E) 

The map z induces a P-module morphism t]E(.E) = T>/T>q c <8) Uk £ ->■ H 1 "^). The latter 
morphism corresponds to the identity via the isomorphisms 

id G Rom(E,E) = Kom(E,U c (M\E)) = Rom^M(E),M^(E)). 

We put E u := ImpU(E) -> Mt (#)]. Equivalently Si* is the P-submodule of Ht(£) gener- 
ated by the subspace i(E). 

It is clear from definitions that M. C (E\*) = E and that the object E\* has neither quotient 
nor sub objects annihilated by H c . This implies the following 
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Corollary 6.1.6. For any simple object E G O k , one has 

(i) The mirabolic module ^M(E) has a simple top. 

(ii) The top of^M(E) is E u and M c (E h ) = E. 

Proof. It was shown in HGGI that the functor H c is an exact, quotient functor. Hence, for E 
simple, the ^-module ^M(E) has exactly one simple composition factor, call it j$ ', such that 
W C (J() = E. Now, suppose / : t M(E) -» JP is a nonzero morphism onto a simple module 
The morphism / gives, by adjunction, a nonzero morphism E — > H c (^# / ). Hence, one 
must have H c (^# / ) ^ 0. We see that, for any simple summand , of the top of ^M(E), one 
has H c 7^ 0. Thus, there is exactly one such summand and that summand must be the 
module □ 



6.2. We define an analogue of M c for the Levi subgroup L n of SL by setting 

Hl^Of) = {m G T(X Ln ,^#) | u ■ m = cTi(u)m, Vu G [}, 

where Xl k = L n . x V and I = Lie L. Since we have an explicit description of the L n -cuspidal 
mirabolic modules, we can determine which of them belong to the kernel of . 

Proposition 6.2.1. Let c G C and ^(r,u,v,w) the module defined in UA.lh If c £" Q then 
Wc {Ji (r, u, v, w)) = 0. Otherwise, 

(i) if c G Q<o fen („#(r, it, u, w)) ^ if and onh/ if u = and c — ^ G Z< . 

(ii) If c G Q>o fen M^(.Jjf(r, u, v, w)) / if and only ifv = and c + ^ G Z >0 . 

Proof. If we decompose the Lie algebra [ of L as glm^ u+v ^ © Qif w then the character cTr of g 
restricts to the character — Tr on gl m and ^ TV on Noting that there is a minus sign in 
the definition of Xr given in HCEEl §9.8] that does not appear in our definition of 9 as given 
in section |4~T1 the result HCEEl Theorem 9.8] says that if r is coprime to n then H c (Jz? r M C[V]) 
is nonzero if and only if nc G Z<o and r = —nc mod n. Similarly, H. c (J2? r M 8y) is nonzero if 
and only if — nc G Z> n and r = —nc mod n. Therefore, if (^#(r, u,v,w)) / then either 
u = or v = 0. 

If v 7^ 0, and hence A - = (0, . . .,0), then we must have —mc G N and r = —mc mod m i.e. 
c = — ^ — a for some a G N. In particular, c G Q<o- To show that (r, 0, u>)) / we 

need to check that 

Noting that ^ / in C/Z, the module Sx_ equals C[z,z _1 ] • zm. Since ^c(l) = —zd z , 
the nonzero section belongs to H c \ Sx_\. On the other hand, if u ^ we must have 
c = — + a for some a G Z>i. This implies that A + = (l u ). □ 

Recall from (|4.5|) that the T„-cuspidal mirabolic modules on V are ^ (A;) := C[Vk] <5y„_ fe , 
for fc = 0, . . ., n — 1 and ^(q) = j\*0^,, where j : T ^ V is the embedding of the open 
T-orbit and q G C x . 

Proposition 6.2.2. (1) lfk^0,n then Mj(^(k)) = Ofor all c. 

(2) Ifk = then M^(^#(0)) + zf and only if c G Z >0 . 

(3) Ifk = n and q / 1 fen Hj(^#(g)) / if and only if q = exp(27TA/^Tc). If q = 1 fen 
M^{J^{q)) / if and on/y if c G Z< . 
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Proof. (1) We fix a basis x\, . . ., x n of V* such that x%, . . ., is a basis of 14 and Xk+i, ■ ■ - ,x n 
a basis of V n ~k- Then 

H^(^r(jfe)) = jm £ Jg{k) (xidi + c) • m = 0, 1 < t < n} . (6.2.3) 

For i < k, there exists some ^ (fc) with (xjdj + c) ■ m = if and only if c £ Z<o- 

Similarly, for i > fc, there exists some ^(k) with (ccjdj + c) • m = if and only if 

c £ Z>i. Therefore EfJ(.^(fc)) = 0. 

(2) This follows from (|6.2.3[) , noting that xidi ■ m = em implies that e £ Z>i for m £ 5y. 

(3) Let xi, . . ., x n be a basis of F such that T = (xi ^ 0, V i) and T n = • • • x n = 1). If 
q = 1 then 0\ is the trivial local system on T and its minimal extension to V is just C [V] . As 
in part (2), ETj(C[V]) ^ if and only if c £ nZ< . If q ± 1 then consider 

^'(g) = [^/^(xi^i - c)] K • • • H [$) n /$ n {x n d n - c)} , 

where % = C(xi, di). The module ^'(q) is a simple ^-module whose restriction to T is the 
quotient of Q>t by x^di — Xjdj and euy — nc. This is precisely the local system Oj,. Hence 
JZ'(q)=j\*O q T . ' □ 

6.3. The group N§i,(L n ) is not connected. Therefore, for a A^sL(-^n)-equivariant ^-module 
j% on 3£x, n/ we define 

ef SL ^(^r) = [H^(^r)]^ SL(iB) . 



Corollary 6.3.1. Let Mbea simple mirabolic module whose sup-port is X(L n , Q). 

(1) The natural map 

M c (^) -> ef SL ( L ")(Red|^) 

is an embedding. 

(2) Jf M c (^^) 7^ f/ien f//ere ex/sfs an L n -cuspidal mirabolic module ,JV such that M^(jy) / 0. 

Proof. The morphism of (I5.2.2D is a morphism of C[euy]-modules. Therefore the first claim 
follows from Proposition 15.2.11 As shown in Theorem 15.1.21 Red|^ is a mirabolic Sl- 
module. Since is a left exact functor, M^(X) / implies that there is a simple sub- 
module X' of X such that M^(JT') + 0. Thus, if Mf SL(Ln) (Red|^) / (and hence 
H^(Red|^^) is nonzero), then there exist a simple submodule JV' of Redf^^ such that 
{jV') is nonzero. As noted in the proof of Lemma r5.1.3l jV' is isomorphic to LMjV , where 
jY is an L„-cuspidal mirabolic module. The fact that M^( r yV) / implies that M.^{,jV) / 
too. □ 

The above results allow us to prove Proposition ll.4.2l 

Proof of Proposition \1.4.2\ We may assume that the set Supp ^# is the closure of some relevant 
stratum X{(m v , l w ), 0) and let L n be a Levi subgroup of SL of type (m v , l w ). If M c (^f) / 
then Corollary E3?D impli es that M^(^K) / for some L n -cuspidal mirabolic module 
on Proposition 16.2.11 implies that c = ^ £ Sing + and Jf must be supported on 

n(A (0; u>)). A similar argument applies for the remaining two cases. □ 
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6.4. Proof of Theorem |1.5.2| and Corollary |1.5.4l We now give a proof of Theorem n.5.2l and 
Corollary 11.5.41 First we consider those simple quotients of Q\ )C that are supported on the 
complement of 3t rcg . Such a module ^ must be generated by a global section m such that 
g c • m = 0. Hence H c (^#) ^ 0. Therefore Proposition II .4.21 implies that either 

• c = ^ G Sing_ and the support of j% is the closure of a stratum X((m v , l w ), 0), for 
some v, w £ N such that n = tira + u>; or 

• c = ~ G Sing + and the support of Jl is the closure of a stratum jC((l"'), (m u )), for 
some u, w G N such that n = um + w. 

Let £Y be the enveloping algebra of q and denote by r : U op ^> U the isomorphism defined 
by t(x) = —x for x e g. Then r restricts to an automorphism of 3- For A G t*/H7, write 
3 T (A) := t(3a)- By IIFG21 Proposition 6.2.1], B(£a,c) ^ £ r (A),-c+i (the parameter c F g of /oc. 
c/t. is our parameter cbg by cbg = — ^r)- Therefore, if Q\ }C has a submodule supported 
on the closure of some stratum X(/U, v), then Q T (x),-c+i wu ^ have a quotient supported on 
the closure of X(/U, z^). Hence if is a simple submodule of <5a,c that is supported on the 
complement of X rcg then either, in case (1), the support of jV must be the closure of a stratum 
X((l w ), (m u )), for some u, w G N such that n = um + wox, in case (2), the support of jV must 
be the closure of a stratum X((m v , l w ), 0), for some v, w G N such that n = vm + 

Corollary II .5.41 now follows from the fact that X(/j,, v) is contained in X cyc if and only if 
v = 0. 

7. Hamiltonian reduction and shift functors 

7.1. Recall from section 1131 that the determinant det defines a G-equivariant structure on 
the trivial line bundle over T*X by g ■ (x, t) = (g ■ x, det(^)~ 1 t) for all x G T*X, g G G and 
t G C. The set of stable points with respect to this line bundle is 

(T*£) ss <+ = {(g,Y,i,j) G SL x si x V x V* | C( 5 ,F) • i = V}, (7.1.1) 

and the set of points that are stable with respect to the inverse det -1 equals 

(T*£) ss <- = {(g, Y, i,j) G SL x si x V x | j • C(p, y) = F*}. 

In both cases, a point is stable if and only if it is semi-stable. By definition, the complement 
( T *£)unst,± is the unsta ble locus. 

Let «• : T*X — > g* be the moment map for the action of G on T*X. 

Lemma 7.1.2. For any module G *(f the following holds: 

(i) I/c < and M c (^) / fen SS(^T) n (T*3t) ss >+ / 0. 

(ii) I/c > and M c (^#) / fen SS(^#) n (T*£) ss >- / 0. 

Proof, (i) By Proposition ll.4.2l ^# must be supported on the closure of X((m v , 1™), 0) and 
hence the closure of the conormal to this stratum is contained in SS(^#). It follows from 
llMcl Lemma 4.2.3] that the T* >fi) X C (T*3t) ss >+ if and only if \i = 0. Hence, the set SS(^T) n 

(T*X) SS ' + is nonempty. 

(ii) By Proposition 11.4.21 must be supported on the closure of X((l w ), (m u )). If 
(g,Y,i,j) is a point of M _1 (0) n (T*X) SS " then llGGl Lemma 2.1.3] says that i = 0. Argu- 
ing again as in IMcl Lemma 4.2.3], one sees that if the intersection (T£, x ,X) n (T*X) SS ~ 
is nonempty, then A = 0. Therefore, if w > 0, the conormal to X((l w ), (m u )) is contained 
in the unstable locus, and we need some more information about SS(^#) to conclude that 
SS(^#) n (T*X) SS ~ / 0. Let L be the block diagonal Levi subgroup of G consisting of u 
blocks of size m and w blocks of size one. Then, Propositions 14.4.2] and \62A\ imply that the 
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simple subquotients of Redf^ (^#) are of the form L IE (r, u, 0, w) for some simple local 
system L on Z(L n )° and r coprime to m. Recall that 

Since £ / in C/Z, the characteristic variety of <£V equals (x = 0) U (y = 0) in T*C. 
Therefore, the closure of the conormal to 3£[z,n(0, (m u , l w )) in T* Xn n is a component of 
SS(L E ^#(r, u, 0, it?)). This implies that it must also be a component of Red|^ (,/#). Since T 
is non-characteristic for j% , this implies that the closure of the conormal to X(0, (m u , l w )) in 
T*X is a component of SS(^#), as required. □ 

Remark 7.1.3. We remark that the statements of Lemma 17.1.21 are false if the inequalities 
are removed. If we take c = — ^ — k < 0, where (r,n) = 1, and let j$ be the unique 
cuspidal mirabolic module whose support equals U x V, then H c (^#) / 0. However, the 
characteristic variety of *M is ^((n) 0)^' wmc h * s contained in (T*X) US, ~. Similarly if we 
take c = - + k > and let c/K be the unique cuspidal mirabolic module whose support 
equals U x {0}, then H c (^) / 0. The characteristic variety of M is r n \\%, which is 
contained in (T*£) us >+. 



7.2. For each c G C, there exists a sheaf of twisted differential operators 2tp tC on P := P(V). 
In order to agree with our conventions on G-monodromic modules, l|2.2.3|) , we parameterize 
these twisted differential operators so that, for each m G Z, the line bundle Op(m) is a 
_ia -module. This implies that the Euler vector field euy = J27=i x i®i ac * s as the scalar 
— nc on the global sections T(P, Jt) of any £^p c -module . 

Set X := SL x P(V) = SL x P and let %'be the sheaf of twisted differential operators 
on X (the twist entirely in the P direction). Recall that we have defined V° = V \ {0}. 

Put X := SL x V°. We have a natural diagram X X ^> X. Let G, g)-mod be 
the full subcategory of (f%, C, g)-mod whose objects have support contained in the subset 
SL x {0} C SL x V. One has the following standard result 

Proposition 7.2.1. Put q = exp(27rv / — Tc). Then, the assignment i->- ker(euy + nc;p.j*^) 
gives an exact functor F c : </)-mod — >■ (f? c , SL)-mod. Furthermore, this functor kills the 

subcategory (3>%, G, g)-modo and induces an equivalence 

(%,G,g)-mod/(%,G,<?)-mod (^ c ,SL)-mod. 

Proof. Let the group C x act on SL x V° by dilations of the second factor and recall that 
we have set G = SL x C x . Let a : G x X — > X, resp. a : G x X — > X, be the action 
map for G, resp. for G, and write p : G -» G for the quotient map. The kernel of p is 
denoted T, a cyclic group of order n. Then, the fact that a = a o p and p*O q G ~ Oq implies 
that every (G, q)-monodromic module on X is (G, s)-monodromic, where s = q n . On the 
other hand, the category of (G, s)-monodromic £F-modules properly contains the categories 
of all (G, q)-monodromic ^-modules such that q n = s. Therefore, we instead define the 
category of (G, q, r)-monodromic modules on X (and X) to be the category of all coherent 
^-modules such that there exists a T-equivariant isomorphism 0q Kl ^# —> a*^#. In this 
definition, we have identified all 0q, for d 6 C such that exp(^p) = q, because there 
exists a T-equivariant isomorphism between these modules (one cannot identify all 0q such 
that ex.p(2irid) = s because the isomorphism between the various Oq is not T-equivariant). 
Then, this category is naturally equivalent to the category of (G, q)-monodromic i^-modules. 
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Given a (G, q, r)-monodromic module .M with isomorphism <fi : Oq IE1 j$ —> a*^f, the fact 
that 4> is T-equivariant implies that we get an isomorphism 

p.<f> : (O q G m J{f = O q G MJt ^? a*Jt = (a*^f. 

The pullback functor p* : 5? c -mod ^> (^,C x ,s)-mod is an equivalence, where s is set 
to be exp(^2-^i£). However, this does not unfortunately restrict to an equivalence p* : 
(@ c , SL)-mod A- (£#x, G, s)-mod, even though the action of SL on X commutes with the ac- 
tion of C x . On the other hand, M H> Ker(euy + nc;p.^) does define an equivalence 
between (G, q, r)-monodromic modules on X and (@ c , SL)-mod. □ 

Observe that the image of 1 E g under the quantum moment map fj,% is — euy-. Therefore, 
given a G-monodromic ^-module j$ and m a section of T(X, ^#), we have euym = —ncm 
if and only if ^x(l) • m = cTr(l)m. This justifies our unusual parameterization of twisted 
differential operators on P(V). 

From now on we assume that c is admissible, c.f. Definition II .3.31 This assumption on c 
ensures, thanks to the Beilinson-Bernstein localization theorem, that the functor T(P, — ), of 
global sections, provides an equivalence between the categories of sheaves of quasi-coherent 
£^p jC and of T(P, f^p iC )-modules, respectively. Admissibility also implies, IIGGSl Lemma 6.2], 
that 

® e (X) = T(X, (p.%/p.%(eus + nc)f X = (V/V(eu x + cn)f x . 
Therefore, for any P-module M, the vector space 

ker(eu.£ + nc; M) := {m E M | eu^(m) = —nc ■ m} 

has a natural £^ c (X)-module structure. In this case, we also have an equivalence between 
^-modules and £§? c (X)-modules. Thus, below we will freely switch between the setting of 
sheaves of £F C -modules and that of ^ c (X)-modules, whichever is more convenient. 

A regular holonomic 3> c -module .M E (@ c , SL)-mod will be called "mirabolic" if SS(^#) 
is contained in (SL x A/") x T*P, where M is the nilpotent cone in si. Let ^ c be the full 
subcategory of (@ c , SL)-mod formed by all mirabolic ^-modules. Further, let ( ( rf q )o = c £ q C\ 
(S>x, G, g)-modo be the category of mirabolic D-modules supported on the subset SL x {0} C 
SL x V. Then, the equivalence of Froposition l7.2.ll induces an equivalence 

V q /(%)o ^ %■ (7-2.2) 

The functor of Hamiltonian reduction H : -> O r is defined to be = T(X, ^) SL . 

Proposition l7.2.1l implies that 

H c = HoF C) whenever c is admissible. (7.2.3) 



7.3. For m E Z, let 0(m) be the pull-back of the standard line bundle Oj>(m) under the 
projection G x P — y P. Tensoring by 0(nm) defines an equivalence ^ c ^c-m, >dt 
^Minm). Define 

c _ m ^ c = [p.%/p.%(eu* + cn)] [nm) , 

where, for a C x -equivariant, quasi-coherent sheaf of -modules ', (p.^#)W is defined to 
be the sheaf of all sections m such that A • m = X l m for all A E C x . By IIGGSl Lemma 2.2], 
c-m^c is a {@> c - m , ^ c )-bimodule (we remark that the "d" of loc. cit. equals our parameter 
"c"). 
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Lemma 7.3.1 (fGGSj, Lemma 6.7 (1)). Assume that c is admissible. For each positive integer m 
and G c € c , we have 

J%(nm) = c„ m ^ c ®q c 

In section ^Slbelow (see Corollary |87L~3|) , we will introduce natural (U K , U K+ i), resp. (U K +i, U K )- 
bimodules K P K+ i, resp. K +iQ K , for all k£C. We then define inductively 

ftPre+m = (ftP/t+l) ' (K+lP/t+m)) ft+mQn = (fj+rnQft+m— l) ' (k+iQk;)> 

where the multiplication is defined inside U reg , making K P K + m , resp. K + m Q K , into a (U K , U K+m ), 
resp. (U K+m , U K )-bimodule. Define the shift functor S : U re -mod — > U K+ i-mod by 

S(M) = k+iQk ®u M. 

Theorem 18. 1.41 implies that § that provides, for any k such that both k and k + 1 are good, 
an equivalence 8 : O n O k+ \. Recall that k = — c + 1. We will use the following version of 
llGGSl §6.4]: 

Proposition 7.3.2. Assume that c is admissible. 

(i) For any ^ 6 ^ fere is a canonical morphism if> c : S(H(„#)) — >• H(^#(n)). 

(ii) Let M G C K and ^ := 1"H(M). T/zen, t7ze morphism ip c : S(M) = S(H(^)) H(^#(n)) 
z's an isomorphism. 

Proof. By Lemma [7.3.11 one has: ^M(n) = c -\^c ®s c • Taking SL-invariants, we obtain a 
natural map 

/: ( c _i^ c ) SL ® (s?c) sl ^# SL — >• ( c _i^ c ^ c ^) SL . 

We claim that the map / descends to [( c _i£^ c ) SL /( c _i^ c g c ) SL ] ®(^ c )Sl ^# sl , a quotient space. 
To see this, let (— ) S | denote the functor of s[-coinvariants, c.f. £16 II The natural projection 

h: ( c -i3> c ®® c ^) SL — > { c -\@ c ®3) c Jf) sV 

is an isomorphism since the s [-action involved is locally finite. Note that we have an equality 
( c _i£^ c g c ) SL = (0 c -i(c-i^e)) SL and that the composite map h°f clearly kills the subspace 
(flc-i(c-i^c)) SL ®^sl ^# SL . Hence, the map / kills this subspace as well, and our claim 
follows. 

We conclude that the map / descends to a well defined map 

Furthe r, we have {S> c /^cQcf h = U K and also K+ iQ K = ( c -i^ c / c -i^ c c ) SL , see part (ii) of 
IIGGSl Lemma 6.7]. Thus, the map tp c takes the following form 

V> c : S(H(^T)) = K +iQ K Uk ^ Sh — ► H(^T(n)). 
This proves (i). The statement of part (ii) is IIGGSl Theorem 6.5]. □ 

Recall that we defined two notions of stability in section I77T1 one with respect to det and 
the other with respect to det -1 . By analogy with the description of (T*£) ss,+ given in (jZLTJl , 
we say that a point of T*X is semi-stable if it is contained in 

(T*X) SS := {(g,Y,e,j) £ SL x si x T*F \ C(g,Y) ■ £ = V}. 

The set of unstable points in X is denoted (T*X) unst . For each meZ we denote by 0{m) the 
line bundle on T*X obtained by pulling back Op(m) along the projection T*X — > X — > P. 

Lemma 7.3.3. Let J 7 be a SL-equivariant, coherent Ot* x-module. Then, Supp T n (T*X) SS / if 
and only ifT(T*X, 0{mn) ® T) SL / Ofor m > 0. 
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Proof. Let Y = /i cx (0) C T*X, where fie* is the moment map for the Hamiltonian C x -action 
on T*X. Recall that G = SL x C x . Let det : C x ->• C x be the character A (->• A n and denote 
by the same symbol the corresponding character of G. Then Y SS,G C Y ss > c , where stability 
is with respect to det. The group C x acts freely on y ss > cx and the quotient space is T*X. 
Therefore, in the notation of IIGGSt Proposition 7.4], there exists a coherent, G-equivariant 
sheaf Q on Y such that 

t = ¥ I 0r(y,e) (cx ' dcrm) ) = f 0r(n,oH®j) 

\m>0 J \m>0 

Thus, for m > 0, we have T(Y, G)^ Act ^ = T(T*X, 0(nm) ® F) and hence 

T(Y, g)(G,det- m ) = r ( T *x, O(nm) ® -F) SL . 

By llGGSl Proposition 7.4 (2)], T(Y, g)( G > det ~ m ) / for m > if and only if Supp Q n Y SS ' G / 
0. Since (T*X) SS is just the image of Y SS < G in T*X, and the coherent sheaf on Y SS ' G /G 
corresponding by descent to Q is also the sheaf corresponding by descent to F, we conclude 
that Supp T n (T*X) SS ^ if and only if T(T*X, 0{m) ® J 7 )^ / for m » 0. □ 

Lemma 7.3.4. Given j& £ there exists an integer » smc/j that, for all k > one 

has 

(i) Tfre canonical morphism if) c -k '■ S(M(^(kn)) — >■ H(„#((A: + l)n)) fs surjective. 

(ii) Tfre sef SS(^#) contains semistable points if and only ifW(^(kn)) / 0. 

Proof Let 4° = C[T n x t;] 1 ^ be the invariants, resp. A 1 c C[T n x t£] the sign-isotypic 
component, of the diagonal TY-action. For each k > 1, we let A k c C[T n © t* ] be the C-linear 
span of the set of elements of the form a\ ■ a?, ■ ■ ■ ■ • «fc, for aj G J4 1 . Thus, A := ®k>o A k is a 
commutative, graded algebra. 

Since ^# is a regular holonomic, SL-equivariant ^-module on T*X, we may choose, by 



IIKKt Corollary 5.1.11], a good, SL-stable filtration on ^ such that the associated graded 
sheaf is reduced. This gives a good, reduced filtration on ^ [kn) for each k > 0. Let 
gr(^(kn)) denote the associated graded space. Then, we have 

(gr^(fcn)) SL = gr(^(kn) SL ), 

and, if p,x '■ T*X — Y si* is the moment map, then gr^(kn) is supported on /^(O). Hence, 
by our assumption on the filtration, it is a coherent C^-i( ) -module. If Y = /^~ x (0) as in 

the proof of Lemma [733] and p : Y ss > cx T*X the quotient map, then the closure of 
p' 1 (nj} (0)) in T*X is contained in (0) since the action of SL x C x on T*3L factors through 
the action of G. Thus, the direct sum ©fc>o (gr J?{kn)) is a finitely generated module for the 
graded algebra ©fc>o C[/z~" 1 (0)]( cx,det_ \ Since SL is reductive, Hilbert's Theorem, IIKral 
Zusatz 3.2], implies that the space ©fc>o (gr ^{kn)) is a finitely generated module for the 
algebra 

\ SL 

c[^(o)] (cx ' dct ^ ] = c^w -* c A, 

K k>0 J k>0 

where the isomorphism of the right hand side is given by IIGGl Proposition A2]. It follows, 
since the algebra A is generated over A° by its degree one component A 1 , that for all k 3> 0, 
one has an equality (gr^#((fe + l)n)) SL = A 1 ■ (gr^#(fcn)) SL . 
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One has an isomorphism gr( K+ iQ K ) = A, see |GGSt Theorem 5.3] and also |GS1[ Lemma 
6.9(2)]. We deduce that the map gr( K+ iQ K )(8)gr(^#(fen) SL ) ->■ gr(^((k+l)n) SL ) is surjective. 
This implies that the map K +iQ K ® (^#(/cn)) SL — > {^({k + l)n)) SL is surjective, proving (i). 

To prove (ii), we apply Lemma R7.3.3I to gr^#, a coherent sheaf on T*X. Specifically, 
Lemma [7.3.31 says that the set Supp(gr^#) = SS(^#) contains semistable points if and only 
if F(T*X, 0(nk) ® gr ^#) SL 7^ for all sufficiently large positive integers k. The latter holds 
if and only T(£,0(n£O ®^) SL ^ 0. □ 

7.4. The following is an analogue of Theorem 11.3.41 for mirabolic ^-modules on X. 

Theorem 7.4.1. Assume c G Cis admissible and let Jt e <^ c . T/zen, SS(^f ) C (r*X) unst 1/ and 
on/y ifW(JH) = 0. 

Proof. The functor EI being exact, it suffices to prove the result for simple modules. Thus, 
let jtft G ^ c be a simple module. If the set SS(^#) does not contain semistable points then 
H(^#) = by the previous lemma. 

So, assume that the set SS(^t) contains semistable points. We choose and fix an integer 
i = £(^f) as in the statement of Lemma [7.3.41 For any k > £, by part (ii) of the lemma we 
have that M.{j£{kn)) is a (nonzero) simple object. Furthermore, writing Mi := H(^#(^n)), 
we deduce from part (i) of Lemma |7.3.4| that the canonical map ilj k ~ i : S k ~ e (Me) -» H(^#(fcn)) 
is surjective for any k > £. Note that the object < B k ~ l {M() is simple since the functor S k ~ i 
is an equivalence. It follows that the above map tp k ~ e is in fact an isomorphism. Thus, 
from Lemma [6.1.61 we conclude that ^#(fcn) = [S fc (M^)]i* is the simple top of the object 
^M(S k - £ {M e )). 

Observe next that the functor E> e is also an equivalence. It follows that there is a unique 
simple object M £ O k such that one has M% = S £ (M). Then, using Proposition l7.3.2[ we find 

m{jK{kn)) = S k - l (M e ) = S k (M) = U(?U(M)(kn)), k > I. 
We consider the following composition 

it: tH(M(^T(Jfen))) — > t M(EI( t EI(M)(A;n))) — > ^M(M)(kn), 

where the first map is obtained by applying HHI(— ) to the composite isomorphism above 
and the second map is the canonical adjunction. Note that, the morphism H(u) induced 
by u is, by construction, the identity map on §> fc (M). Let = be the simple top of 
tH(M). Hence, Jt'{kn) is the simple top of *W(M)(kn). Note that since W{JK') = M / 
0, the set SS(^f' ) contains semistable points, by Lemma 17.1.21 Therefore, for k » by 
Lemma l7.3.4f ii) one has (kn)) 7^ 0. Thus, we choose (as we may) k > I such that 

M{.^'(kn)) y£ 0. Recall that the object H(tM(Af)(fcn)) = S k (M) is simple. Therefore, the 
^-module >W(M)(kn) contains a single composition factor that has a nonzero Hamiltonian 
reduction. But, .JK'{kn) is a simple quotient of tK(M) (&n) that has this property. Thus, we 
deduce that M(^'(kn)) = H(t]K(M)(fcra)) = S k (M). 
To complete the proof, we consider a diagram 

JZ{kn) J?— ^W{W{JZ{kn))) — tH(M)(fcn) JV'(kn), 

where the map pr, resp. pr', is the projection of 'H(H(^#(fcn))) / resp. n), onto its 

simple top. Our construction implies that ker(pr) is the largest submodule of 'H(H(^#(fcn))) 
annihilated by the functor H, resp. ker(pr') is the largest submodule of 'H(M)(fcre) annihi- 
lated by the functor H. It follows that the morphism u in the above diagram maps ker(pr) 
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into ker(pr'). Hence, the morphism descends to a map 



u: JZ{kn)^ ] U{U{JZ(kn)))/kei{pr) -> Jg'(kn) = t H(M)(fcn)/ker(pr / ). 

Note that the induced map M(u) : W(^K (kn)) — > M.(j%' {kn)) may be identified with the 
composite isomorphism W{JK{kn)) = 8 k (M) = B.^M(M)(kn)). In particular, M(u) is a 
nonzero map. We conclude that u is a nonzero map between two simple objects. Thus, this 
map is an isomorphism. It follows that ^# = 

We deduce that MJt) = MJt') = H(Mt*) =1/0. Furthermore, we obtain a chain 
of isomorphisms S £ (M(^)) = S £ (H(^')) = § £ ( M ) = H(^(£n)). Using this and the 
fact that § is an equivalence, one deduces by induction on i that the canonical morphism 
S (H(„#)) — > H(^#(in)) must be an isomorphism for any i = 0, 1, ...,£ — 1. This com- 
pletes the proof. □ 



7.5. Proof of Theorem \1.3.4\ As in the proof of Theorem 17.4.11 we may assume that G 
^ is simple. If M G (^g)o then Proposition 11.4.11 implies that the support of ^# is the 
closure of 3t(0, (to")) for some n = um, hence SS(^#) C (T*£) unst,+ . Then Proposition ll.4.2[ 
together with our assumption that c is admissible, implies that H c (^#) = 0. Therefore we 
may assume that F c {^), the image of ^# in ^/( < ^)o — is nonzero. By Theorem 17.4.11 
and equation (|7.2.3|) it suffices to show that 

ssmo n (r*x) ss '+ t= ss(F c (^)) n (r*x) ss ^ 0. 

The fact that SS(F C (^)) n {T*X) SS + implies that^SS(^) n (T*X) SS '+ ^ follows from the 

fact that (T*£) ss >+ c T*X and SS(F C (^)) = (T* X X n SS(^))/C X . 

On the other hand, if SS(Jt) n (T*£) ss >+ / then, as noted in the proof of Lemma[ZZL2l 
we can find some relevant stratum 3£(A, 0) such that the conormal to this stratum 

has non-empty intersection with (T*X) SS,+ ; in fact, the conormal is contained in (T*X) SS ' + . 
The intersection T*, X ^X n T* X X is dense in T* X X. Thus, SS(F d (^)) n (T*X) SS / as 
required. □ 



Proof of Theorem\L3J\ We are going to show that the canonical morphism ijj c : S(H(^#)) — > 
H(^#(n)) is an isomorphism for any ^ S The functors S, H, and also the twist functor 
(— )(n), all being exact, it suffices to prove the result for simple mirabolic modules. Thus, let 
G ^ c be a simple module. 

Assume first that the set SS(^#) does not contain semistable points. Since SS(^#(n)) = 
SS(^), we deduce from Lemma ECU that M(Jt?) = and M(^(n)) = 0. Therefore, the 
map V^c is, in this case, a map between two zero vector spaces and we are done. 

Assume now that the set SS(^#) contains semistable points. Since SS(^(kn)) = SS(^#), 
we deduce that W{j#(kn)) / 0, by Theorem II .3.41 Thus, H(^#) and H(./#(n)) are nonzero 
simple objects. Therefore, to complete the proof it suffices to show that the canonical map 
tp c : S(H(^#)) -> H(.#(n)) is nonzero. 

Choose an integer I = as in Lemma [733] and use the notation of the proof of Theo- 
rem ll.3.41 In particular, by definition, we have S (M.(*dP)) = Mi = M(^(£n)). Furthermore, 
we have shown in the course of the proof that, in fact, one has an isomorphism = M . 
Therefore, we get an isomorphism <fi : S (H(^)) ^ H(^#(£n)). On the other hand, going 
through the construction of the isomorphism = one sees that the map 4> may be 
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factored as a composition of the following chain of maps 



S\M(^)) = S^ 1 (S(M(^))) ^±^§^i(M(^(n))) = S £ - 2 (S(M(^(n)))) 

^-^S^- 2 (H(^(2n))) = S^ 3 (S(H(^(3n)))) 

. . . S(B.(Jf(£ - l)n)) — ^ M(^(£n)) . 

We deduce that S^ _1 (ip c ), the first map in the chain, is nonzero. Hence, the map tf; c is itself 
nonzero, and we are done. □ 



8. Appendix: Shift functors in the trigonometric case 

The goal of this appendix is to adapt the results of |GGSM to the setting of trigonometric 
Cherednik algebras. 

8.1. The trigonometric Cherednik algebra. Let T n be a maximal torus inside SL, in its Lie 

algebra. Let Pq = Hom(T„, C x ) be the weight lattice and P° C Po the root lattice, so that 
SI = Po/P° ~ Z/nZ. We choose a set of positive roots R + in R, the set of all roots. Let p be 
the half sum of all positive roots. For A G Pq, we write e A for the corresponding monomial 
in C[T n ]. Choose k G C. As in ]Op} Definition 2.4], the Dunkl operator associated to y G in is 

The trigonometric Cherednik algebra of type SL is the associative subalgebra H« lg (SL) of S>{{T n ) l 
W generated by C[T n ], W and all Dunkl operators Ty for y G tn- The Dunkl operators 
pairwise commute. Define the divided-difference operator A a = l J e - a (1 — s a ) so that 
Ty = d y + Kj2 a £R + a (y)A Q — Kp(y). We fix a VF-invariant, symmetric non-degenerate bi- 
linear form (— ,— ) on t* such that (a, a) = 2 for all a G R. Recall that (p,a) = 1 for all 
a > 0. 

Lemma 8.1.1. Let y±, . . ., y n _i be an orthonormal basis of in. Then 
n-l _ a 

^(T y K i ) 2 = O t + 2K^ 1 4— -A a + K 2 £ (a, /3)A. a Ap 

i=l a>0 »^/3>0 

+ « (P, P) + « 2^ 1 _ e -a d <*> 
a>0 

w/jere <9 a is defined by <9 a (x) = (x, a)x and J7 tn = X^i 1 ®yv 
Proof. We note that 

a(y)e~ a 



a 



y\l- e -aj- (l_ e -a)2 
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and (p, a) = 1 for all a > 0. Therefore 

n-1 _ a 

^(T y K i ) 2 =^ + 2 K ^ T ^-^A Q + K 2 £ (a,/3)A Q A^ 

i=l Q>0 a,,3>0 

+ K 2 (p, P )+K^2 [ll-a 9 * ~ ^ 2 Aq 

Q>0 Q>0 

The operators A a are idempotent i.e. A 2 = A Q and hence the formula of the lemma follows 
from the above. □ 

The group W acts on HK rig (SL) by conjugation; the subalgebra of iy-invariant elements 
is denoted HK ng (SL) w/ . The Dunkl operators act on the space <C[T n ], hence any VF-invariant 
operator will act on C[T n ] w . We define Res : H t « rig (SL) w -> U rcg by Res(£>) = D\ c[Tn] w, 
where U re s := 9{{T n ) xe% ) w . Lemma gXT] implies that 

\i=l / a>0 6 

The map Res restricts to an embedding eH^ rig (SL)e U rcg and we denote its image by U^. 
As shown in the proof of IIFGll Theorem 3.3.3], the algebra U K is generated by L(k) and 
C[T n ] w . We denote by 5 the Weyl denominator 

JJ ( e a/2 _ e -a/2j = g p JJ (J _ g-a^ 

ae-R + «ei?+ 

so that (T n ) rcg = (5/0). 

Proposition 8.1.2. For all k G C and p G U(tn) w , we have 

Res(,5p(r y K + 1 )r 1 ) = Res(p(Ty )). 

Proof. This follows from Opdam's theory of shift operators. We use freely the notation of 
I ppl §5]. The subspaces C[T n ] w and 5-C[T n ] w of C[T n ] are U K -submodules. By (Op} Theorem 
5.11 (c)], we have D p {k + l)G+(«) = G+(k) j D p (k) in U rc s. Hence 

D p (k + l)G+(«)(/) = G + (K)D p ( K )(f), V / G 5 ■ C( K )[T n ] w . 
Unpacking, [p(T y i + 1 )5- 1 ^+(K)](/) = [p{T* +l )5~ l K+{K)}(f), and thus 

MT^S-^+inXf)) = p(T y K )(7r+( K )(/)), V / G 5 ■ C(K)[T n ] w . 

The operator tt + (k) : 5 ■ C[T n ] w — > C\T n ] w has principal symbol rLeR + & a an< ^ nence is 
surjective. Thus 5p(Tp +1 )5^ = p(Tp) in U rc §. □ 

As in the rational case, Froposition |8.1.2| implies the existence of a collection of bimodules 
between the various U K . These bimodules induce Morita equivalences in many cases. 

Corollary 8.1.3. We have an equality 

eH^ g 1 (SL)e = er 1 H t K rig (SL) ( 5 e 

in U reg . Thus, the spaces 

K P K+1 := eH£fc(SL)<fe, K+1 Q K := e^H^SLje, 
are (U K , U K +i) and (U K+ i, U K )-bimodules respectively. 
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Recall from Definition [L331 the subset BAD = {a/b | a, b G Z, 2 < b < n} of C. As in 
IIGGSI , we say that k is good if k ^ BAD n (0, 1). Under the equality re = — c + 1, k is good 
if and only if c is good in the sense of section IT31 Recall that we defined in ((7.3) . based on 
Corollary HTl the bimodules K P K+m and K+m Q K . 

Theorem 8.1.4 fllGGSL Theorem 3.9). Fix k g C and an integer m > 1 smc/z f/ra£ eac// of k + 
1, k + 2, . . ., k + to — 1 is good. 

(1) re P K + m is the unique nonzero (U K , U K+m )-bisubmodule of U rcg tTzaf zs reflexive as either a 
right U K+m -module or a left \J K -module. 

(2) K+m Q K is the unique nonzero (U K+m , U K )-bisubmodule of U reg that is reflexive as either a 
right \J K -module or a left U K + m -module. 

(3) Either nor n + mis good. In the former case K P K + m and K+m Q K are projective \J K -modules, 
while in the latter case they are projective \J K+m -modules. 

Remark 8.1.5. It is important to note when applying the results of |GGSH to the setup consid- 
ered in this paper that their parameter "c" is related to k by k = — c. 

Proof. The proof of the theorem is simply a matter of carefully checking that the arguments 
employed in HGGSII are applicable in our situation. We note that: the existence of the bimod- 
ules K P K +i and K + m Q K is shown in Corollary 18.1.31 By IIFG11 Corollary 5.2.7], if k is good 
then \J K is Morita equivalent to HK lg (SL) and hence has finite global dimension. The only 
other gap is showing that condition (3) of |GGSl Hypothesis 3.2] holds. The argument using 
Fourier transforms given in loc. cit. for condition (3) is not applicable to the trigonometric 
Cherednik algebra. Another way to see that condition (3) holds is as follows. Let / be a 
proper two-sided ideal in U K . Associated to I is its characteristic variety in (T*T n )/W. This 
will be a union of closures of symplectic leaves and hence even dimensional. Therefore ei- 
ther GKdim U K /I = GKdim U K or GKdim U K /I < GKdim U K - 2. However, U K [<T 2 ] = U rcg 
is a simple ring, hence the normal element 5 2m belongs to / for some m < 1 and hence 
GKdim U K /J < GKdim U K . □ 



8.2. The radial parts map. The radial parts map identifies U K with a certain algebra ob- 
tained by quantum Hamiltonian reduction. The usual Chevalley isomorphism induces an 
isomorphism r/ : C[X rcg ] G C[T n r ° s ] w . 

Theorem 8.2.1. Let k = — c + 1. The following map is an isomorphism of filtered algebras. 

K : (V/V Qc f — > U K , ft(D)(f) = s c D{s- c r,*f)\ Tn ^ /w . 

Proof. The proof of the theorem is standard, see e.g. IIGGSI Appendix]. As usual, the only 
thing to check is that the image of the Casimir element lies in U K . This is done in Lemma 
HL22]below. □ 

Recall that we have identified si with left invariant vector fields on SL i.e. for I est and 
/ £ C[I] we have 

(d x -f)(9,v) = ^f(g(l + tX),v). 

Since e a and e_ a are a dual pair with respect to the trace form on si, the Casimir element O s( 
in U(sl) is given by 
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where O t = Y^i=i dyt (recall that the y; form an orthonormal basis of in). For w £ C, define 

Rad^ : &(X) G -> U rc § by 

RacU£>)(/) = S ~ w (D(s w ( v *f)))\ Tn r Cg/w , yf G C[TJ c s] w . 
Lemma 8.2.2. We /iaz>e 

\ 1 + e _a 

Rad w (O s( ) = fi t + (to + 1) 22 + w(w + 2)(p,p). 

Proof. By definition, e a is a character on T n/ e a (x) = a(x). Let / : X — > C be a det" 1 - 
semi-invariant holomorphic function defined on an open neighborhood of (T n ) rcg x V. One 
calculates that 

exp(te a ) ■ f(xexp(re- a ),v) = f(g(l + re_ a )(l + i(l - e" a )e Q - rte~ a h a ),v- te a v). 
On the other hand, semi-invariance implies that 

exp(te Q ) • /(fi(exp(re_ a ),?;) = f(gexp(te- a ),v). 
Therefore, differentiating with respect to t and setting t = gives 

= [(1 - e~ a )8 ea - re~ a d a + /xy(e )]/(<?(l + re. a ),v). 

Rewriting, 

d e J(g(l + re. a ),v) = [re" Q a Q - MO] + re_ Q ), v). (8.2.3) 

Differentiating with respect to r and setting r = gives 

de. a d ea f(g,v) = — — [e _a <9 Q /(s, ?;) - <9 e _ Q (/iy (e Q ) • /(flf,u))] • 
Equation (|8.2.3|) with e Q replaced by e_ a and r = gives 

de-JMO • = z — — fj, v (e-a)[vv(e a ) • /](£,«)■ 

1 — e" 

Thus, 

e _ct 1 
d e . a d ea f(g,v) = i _^ a d a f(g,v) + _ ^ _ ^ //y(e_ a )/fy(e a ) • /(#,?/). 

As in IGGSI , s|t x v = <5 • (v\ ■ ■ ■ v n ) and /Uy(ey) = —Vjd Vi . Thus, 

M e -«)M e a) • /(#, u) = w(w + l)/(ff, w). 

Note that 

e~ a - e a _ 1 + e~ a 
(1 - e" a )(l - e a ) ~ l-e~ a ' 

Therefore 

Rad^(fi sl ) = 5- w n t 5 w + w(w + 1) V + V ^ -S~ w d a 8 w . 

v su v (1 - e a )(l - e- a ) ^ (1 - e~ a )(l - e a ) 



- w{w + i)j2 (e J a, "- a/ 2 )2 + E ^ 

a>0 V C Q>0 

By IH51 Theorem 2.1.11. 



S» o (L(u) + U 2 (p, p ))o8- u = n t -J2j^ 



u(u — l)(a, a) 



, (e a/2 - e-/ 2 ) 2 
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Therefore, taking u = 1 implies that 

^RacU^)^- 1 = fit - «,(«, + 1) £ " (P. P) 

= r +1 o (L(«> + 1) + (w + i) 2 (p, p)) o r^ +1 ) - ( P , p). 

□ 

Remark 8.2.4. Lemma [8.2.2| implies that £H restricts to a filtered isomorphism 3 -> (Sym in) w . 
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